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Chapter 1: Linear Equations

Section 1.1: Fields

Page 3. Hoffman and Kunze comment that the term “characteristic zero” is “strange.” But the characteristic is the smallest n
such that n - 1 = 0. In a characteristic zero field the smallest such 7 is 0. This must be why they use the term “characteristic
zero”

and it doesn’t seem that strange.

Section 1.2: Systems of Linear Equations

Page S Clarification: In Exercise 6 of this section they ask us to show, in the special case of two equations and two unknowns,
that two homogeneous linear systems have the exact same solutions then they have the same row-reduced echelon form (we
know the converse is always true by Theorem 3, page 7). Later in Exercise 10 of section 1.4 they ask us to prove it when
there are two equations and three unknowns. But they never tell us whether this is true in general (for abitrary numbers of

unknowns and equations). In fact is is true in general. This explanation was given on math.stackexchange:

Solutions to the homogeneous system associated with a matrix is the same as determining the null space of the
relevant matrix. The row space of a matrix is complementary to the null space. This is true not only for inner
product spaces, and can be proved using the theory of non-degenerate symmetric bilinear forms.

So if two matrices of the same order have exactly the same null space, they must also have exactly the same row
space. In the row reduced echelon form the nonzero rows form a basis for the row space of the original matrix,
and hence two matrices with the same row space will have the same row reduced echelon form.

Exercise 1: Verify that the set of complex numbers described in Example 4 is a subfield of C.

Solution: Let F = {x +y V2 | x,¥ € Q}. Then we must show six things:

5.
6.

For 1, take x = y = 0. For 2, take x = 1,y = 0. For 3, suppose x = a+b V2 and y = c+d V2. Then x+y = (a+c)+(b+d) V2 € F.
For 4, suppose x = a + bV2. Then —x = (—a) + (-b) V2 € F. For 5, suppose x = a + bV2 and y = ¢ + d V2. Then

. 0isin F

lisin F

If xand y are in F then sois x + y
If xisin F then so is —x

If x and y are in F then so is xy

If x # O is in F then so is x !
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2 Chapter 1: Linear Equations

xy=(a+b \/5)(c + d\/i) = (ac + 2bd) + (ad + bc) V2 € F. For 6, suppose x = a + b V2 where at least one of @ or b is not
zero. Letn = a*> — 2b%. Lety = a/n + (-b/n) V2 € F. Then xy = 1(a + b V2)(a - b V2) = 1(a* - 2b?) = 1. Thus y = x"! and
yeF.

Exercise 2: Let F be the field of complex numbers. Are the following two systems of linear equations equivalent? If so,
express each equation in each system as a linear combination of the equations in the other system.

X1 —x=0 3x1+x =0
2x1+x, =0 X1+x=0

Solution: Yes the two systems are equivalent. We show this by writing each equation of the first system in terms of the
second, and conversely.

3x;+x = %(xl - x) + g(le + x2)
x| +Xxp = %l(xl —X2) + %(le + X7)
X1 —x = (Bx +x2) - 2(x1 + X2)
2x; 4+ x = %(3x1 +x) + %(xl + x2)
Exercise 3: Test the following systems of equations as in Exercise 2.

—Xx1+xp +4x3=0 x1 —x3=0
X1+ 3x4+8x3 =0 xp +x3=0
%xl + X7 +%X3 =0

Solution: Yes the two systems are equivalent. We show this by writing each equation of the first system in terms of the
second, and conversely.

X — X3 = ’73(—)61 + X + 4)C3) + %(xl + 3X3 + 8X3)
X2 +3x3 = J(=x1 + x2 +4x3) + 1(x1 +3x3 + 8x3)

and

—X1 + X2 + 4X3 = —()C] - X3) + (X2 + 3)(3)

X1 + 3)C2 + 8)63 (X1 —x3)+ 3()62 + 3X3)

%xl + xy + %X3 = %(xl - x3)+ (x + 3)63)
Exercise 4: Test the following systems as in Exercie 2.

2x1+ (=1 +Dxp +x4=0 1+ DHx+8x —ix3 —x4=0

3XQ - 2i)€3 + SX4 =0 %X] —%Xz + X3 +7)C4 =0
Solution: These systems are not equivalent. Call the two equations in the first system E; and E, and the equations in the
second system Ei and Eé Then if E; = aE; + bE; since E, does not have x; we must have a = 1/3. But then to get the

coeflicient of x4 we’d need 7x4 = %x4 + 5bx4. That forces b = %. Butifa = % and b = ‘3—‘ then the coefficient of x3 would have
to be —21’% which does not equal 1. Therefore the systems cannot be equivalent.

Exercise 5: Let F be a set which contains exactly two elements, 0 and 1. Define an addition and multiplication by the tables:

+]0 1 [0 1
00 1 0[0 0
1|1 o 0/0 1
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Solution: We must check the nine conditions on pages 1-2:

1. An operation is commutative if the table is symmetric across the diagonal that goes from the top left to the bottom right.
This is true for the addition table so addition is commutative.

2. There are eight cases. Butif x =y =z =0o0r x = y = z = 1 then it is obvious. So there are six non-trivial cases. If there’s
exactly one 1 and two O’s then both sides equal 1. If there are exactly two 1’s and one O then both sides equal 0. So addition
is associative.

3. By inspection of the addition table, the element called O indeed acts like a zero, it has no effect when added to another
element.

4. 1+ 1 = 0 so the additive inverse of 1 is 1. And 0 + 0 = 0 so the additive inverse of 0 is 0. In other words —1 = 1 and
—0 = 0. So every element has an additive inverse.

5. As stated in 1, an operation is commutative if the table is symmetric across the diagonal that goes from the top left to the
bottom right. This is true for the multiplication table so multiplication is commutative.

6. As with addition, there are eight cases. If x =y = z = 1 then it is obvious. Otherwise at least one of x, y or z must equal 0.
In this case both x(yz) and (xy)z equal zero. Thus multiplication is associative.

7. By inspection of the multiplication table, the element called 1 indeed acts like a one, it has no effect when multiplied to
another element.

8. There is only one non-zero element, 1. And 1- 1 = 1. So 1 has a multiplicative inverse. In other words 17! = 1.

9. There are eight cases. If x = 0 then clearly both sides equal zero. That takes care of four cases. If all three x =y =z = 1
then it is obvious. So we are down to three cases. If x = 1 and y = z = 0 then both sides are zero. So we’re down to the two
cases where x = 1 and one of y or z equals 1 and the other equals 0. In this case both sides equal 1. So x(y + z) = (x + y)zin
all eight cases.

Exercise 6: Prove that if two homogeneous systems of linear equations in two unknowns have the same solutions, then they
are equivalent.

Solution: Write the two systems as follows:

anx+apy=0 bix+bpy=0
ayx+apy=0 byx +bpy=0
Am X + appy =0 bmix+byy =0

Each system consists of a set of lines through the origin (0, 0) in the x-y plane. Thus the two systems have the same solutions
if and only if they either both have (0, 0) as their only solution or if both have a single line ux + vy — 0 as their common
solution. In the latter case all equations are simply multiples of the same line, so clearly the two systems are equivalent. So
assume that both systems have (0, 0) as their only solution. Assume without loss of generality that the first two equations in

the first system give different lines. Then
au , an M

ap  ax
We need to show that there’s a (u, v) which solves the following system:

aju+apy = b,'l
aiu + axpv = b,'g

Solving for u and v we get
_ anbi —anbp

~anay —anay

_anbp —anby

- dappdz —dpdap
By (1) ajjax — ajpaz; # 0. Thus both u and v are well defined. So we can write any equation in the second system as a
combination of equations in the first. Analogously we can write any equation in the first system in terms of the second.
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Exercise 7: Prove that each subfield of the field of complex numbers contains every rational number.

Solution: Every subfield of C has characterisitc zero since if F is a subfieldthen 1 € Fandn-1 = 0in F impliesn-1 = 0in
C. Butwe know n-1 =0in Cimpliesn = 0. So 1,2,3,... are all distinct elements of F. And since F has additive inverses
—1,-2,-3,... arealsoin F. And since F is afield also O € F. Thus Z C F. Now F has multiplicative inverses so -_Fﬁ e F for

all natural numbers n. Now let “ be any element of Q. Then we have shown that m and % are in F. Thus their product m - rl:
isin F. Thus %' € F. Thus we have shown all elements of Q are in F.

Exercise 8: Prove that each field of characteristic zero contains a copy of the rational number field.

Solution: Call the additive and multiplicative identities of F O and 15 respectively. Define ny to be the sum of n 1z’s. So
ngp = 1lp+ 1p + .-+ 1p (n copies of 1p). Define —ng to be the additive inverse of np. Since F has characteristic zero, if

n+mthennpg # mp. Formne Z,n # 0, let Z . = mp - n;l. Since F has characteristic zero, if == # 7> then = = # ’%F.
Therefore the map 2 +— %

nF nF
o p gives a one-to-one map from Q to F. Call this map h. Then h(0) = Of, h(1) = 1F and in general

h(x +y) = h(x) + h(y) and h(xy) = h(x)h(y). Thus we have found a subset of F' that is in one-to-one correspondence to Q and
which has the same field structure as Q.

Section 1.3: Matrices and Elementary Row Operations

Page 10, typo in proof of Theorem 4. Pargraph 2, line 6, it says &, # k but on the next line they call it " instead of k,.. I think
it’s best to use k', because k, is a more confusing notation.

Exercise 1: Find all solutions to the systems of equations

(] - i)x1 - iX2 =0
2x1+ (1 =ixp, =0.

1-i —i
2 1-i |

. 2 1—i R 2 1-i
1-i i 0 0

Thus 2x; + (1 —i)x, = 0. Thus for any x; € C, (%(i — 1)x;, x5) is a solution and these are all solutions.

Solution: The matrix of coefficients is

Row reducing

Exercise 2: If

3 -1 2
A=|12 1 1
1 -3 0
find all solutions of AX = 0 by row-reducing A.
Solution: )
1 -3 0 1 -3 0 1 -3 0
-2 1 1|(->|10 7 1|->(0 1 1/7
|3 -1 2 0 8 2 0 8 2
[1 0 3/7 1 0 3/7 1 0 0
-0 1 1/7]|-(0 1 1/7 -0 1 10 |.
0 0 6/7 0 0 1 0 0 1

Thus A is row-equivalent to the identity matrix. It follows that the only solution to the system is (0, 0, 0).
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Exercise 3: If

6 -4 0
A= 4 -2 0
-1 0 3

find all solutions of AX = 2X and all solutions of AX = 3X. (The symbol cX denotes the matrix each entry of which is ¢ times
the corresponding entry of X.)

Solution: The system AX = 2X is

which is the same as

6x —4y =2x
4x -2y =2y
-x+3z=2z
which is equivalent to
4x-4y =0
4x -4y =0
—-x+z=0
The matrix of coefficients is
4 -4 0
4 -4 0
-1 0 1

which row-reduces to
1 0 -1
01 -1
00 O
Thus the solutions are all elements of F* of the form (x, x, x) where x € F.

The system AX = 3X is

which is the same as

which is equivalent to

3x-4y=0
x—2y=0
-x=0
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The matrix of coefficients is

which row-reduces to

1 00
010
0 0 0

Thus the solutions are all elements of F? of the form (0,0, z) where z € F.

Exercise 4: Find a row-reduced matrix which is row-equivalent to

i —(1+i) 0
A=|1 =2 1 ‘
12 -1
Solution:
-2 1 1 -2 1 1 =2 1
A-| i —(1+i) 0\4[0 —1+i —z}a[o 1 %l
12 -1 0 2+2i -2 0 2+2i -2

Exercise 5: Prove that the following two matrices are not row-equivalent:

2 0 0 1 1 2
a -1 0 -2 0 -1 1.
3 1 3 5

b ¢
Solution: Call the first matrix A and the second matrix B. The matrix A is row-equivalent to

1 00
A=10 10
0 0 1
and the matrix B is row-equivalent to
1 0 1/2
B=(0 1 3/2|.
00 O

By Theorem 3 page 7 AX = 0 and A’X = 0 have the same solutions. Similarly BX = 0 and B’X = 0 have the same solutions.
Now if A and B are row-equivalent then A’ and B’ are row equivalent. Thus if A and B are row equivalent then A’X = 0 and
B’X = 0 must have the same solutions. But B’X = 0 has infinitely many solutions and A’X = 0 has only the trivial solution
(0,0,0). Thus A and B cannot be row-equivalent.

Exercise 6: Let
a b
el d]
be a 2 X 2 matrix with complex entries. Suppose that A is row-reduced and also that a + b + ¢ + d = 0. Prove that there are
exactly three such matrices.
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Solution: Case a # 0: Then to be in row-reduced form it must be that a = 1 and A = [ i fl ] which implies ¢ = 0, so

A = [ (1) Z . Suppose d # 0. Then to be in row-reduced form it must be thatd = 1 and b = 0,s0 A = [ (1) (1) } which
implies a + b + ¢ +d # 0. So it must be that d = 0, and then it follows thatb = —1. Soa # 0 = A = [ (1) _01 ]
0 b 0 1 . 0 1
Casea = 0: Then A = c 4l If b # O then b mustequal 1 and A = ¢ d which forces d = 0. So A = 0
which implies (since a + b + ¢ + d = 0) that ¢ = —1. But ¢ cannot be —1 in row-reduced form. So it must be that b = 0. So
A= 00 fc#0thenc=1,d=-1and A = 0 0 . Otherwisec =0and A = 00 .
c d 1 -1 0 0

Thus the three possibilities are:

0o) Jo o) [V 5]

Exercise 7: Prove that the interchange of two rows of a matrix can be accomplished by a finite sequence of elementary row
operations of the other two types.

Solution: Write the matrix as
Ry
R,
R;

R,
WOLOG we’ll show how to exchange rows R; and R,. First add R, to R;:
[ Ry + Ry ]
R,
R;
Ry,
Next subtract row one from row two:
[ Ri + R, ]

-R,
R3

Next add row two to row one again

Finally multiply row two by —1:
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Exercise 8: Consider the system of equations AX = 0 where

a b
=]l
is a 2 X 2 matrix over the field F'. Prove the following:
(a) If every entry of A is 0, then every pair (x, x,) is a solution of AX = 0.
(b) If ad — bc # 0, the system AX = 0 has only the trivial solution x; = x, = 0.
(c) If ad — bc = 0 and some entry of A is different from 0, then there is a solution (x?, x(z’) such that (x1, x») is a solution if
and only if there is a scalar y such that x; = yx(l), Xy = yxg.

Solution:

(a) In this case the system of equations is

O'X]+O'XZ=0
0-x+0-x=0

Clearly any (xj, x,) satisfies this system since 0 - x =0V x € F.
(b) Let (u,v) € F2. Consider the system:
a-x1+b-xx=u
c-x1+d-xx=v
If ad — bc # 0 then we can solve for x; and x; explicitly as

_du—bv _av—cu
" ad - be ad — bc’

X1 X2 =

Thus there’s a unique solution for all (, v) and in partucular when (u,v) = (0, 0).

(c) Assume WOLOG thata # 0. Thenad —bc =0=d = Cu—b. Thus if we multiply the first equation by ¢ we get the second
equation. Thus the two equations are redundant and we can just consider the first one ax; + bx, = 0. Then any solution is of
the form (—gy, y) for arbitrary y € F. Thus letting y = 1 we get the solution (—b/a, 1) and the arbitrary solution is of the form
y(—=b/a, 1) as desired.

Section 1.4: Row-Reduced Echelon Matrices

Exercise 1: Find all solutions to the following system of equations by row-reducing the coefficient matrix:

1
3)61 +2x3 —6x3=0

—4X1 +5)C3 =0
—3x;1 +6x,—13x3=0

7 8
_§x1 +2x; — §X3 =0

Solution: The coefficient matrix is

-
4 0 5
-3 6 -13
7 8
-3 2 -3
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This reduces as follows:

1 6 -18 1 6 -18 1 6 -18 1 6 -18
_)—40 5 H024 -67 _)024 —67_)01—67/24
-3 6 -13 0 24 -67 0 0 0 00 0
-7 6 -8 0 48 -134 0 0 0 0 0 0
Thus s
X — ZZ = 0
67
;=0
YT gt
Thus the general solution is (%z, %z, z) for arbitrary z € F.
Exercise 2: Find a row-reduced echelon matrix which is row-equivalent to
1 =i
A= 2 2
u 1+1i
What are the solutions of AX = 0?
Solution: A row-reduces as follows:
1 =i 1 —i 1 —i 1 0
-1 1 -0 1+i|—-=]10 1 |—=>]101
i 1+ 0 i 0 0 0

Thus the only solution to AX = 0 s (0, 0).

Exercise 3: Describe explicitly all 2 x 2 row-reduced echelon matrices.

ot Lol [5 ol 53]

Exercise 4: Consider the system of equations

Solution:

X1 —xp+2x3 =1
2x1 +2x3 =1
X1—3X2+4X3=2

Does this system have a solution? If so, describe explicitly all solutions.

Solution: The augmented coefficient matrix is

DN = =
| S —

‘We row reduce it as follows:

1 -1 2|1 1 -1 2 1 1 0 1
-0 2 2|-1|-10 1 -1|-1/2|—>(0 1 -1
0 0

0 -2 2|1

1/2
-1/2

SO O~

|

(=Nl o)

-5/4
—67/24
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Thus the system is equivalent to

X1 +x3=1/2
Xy — X3 = —1/2

Thus the solutions are parameterized by x3. Setting x3 = ¢ gives x; = 1/2 — ¢, x, = ¢ — 1/2. Thus the general solution is

1 1
(E_C’ C—z, C)

forc e R.
Exercise 5: Give an example of a system of two linear equations in two unkowns which has no solutions.

Solution:
x+y=0
x+y=1
Exercise 6: Show that the system
X1 —=2x0+x3+2x4 =1
X +XxXp—X3+x4=2

X1+ 7x -5 —x4=3

has no solution.

Solution: The augmented coefficient matrix is as follows

1 -2 1 2 |1
1 1 -1 1|2
1 7 -5 -1]|3
This row reduces as follows:
1 -2 1 2 |1 1 -2 1 2 1
-0 3 -2 -1|1]|-]10 3 -2 -1|1
0 9 -6 -3|2 0O 0 0 o0]-1
At this point there’s no need to continue because the last row says Ox; + Ox, + Ox3 + Ox4 = —1. But the left hand side of this

equation is zero so this is impossible.
Exercise 7: Find all solutions of

2x1 —3xp — Tx3 + 5x4 + 2x5 = =2
X1 —2xp —4x3 +3x4 + x5 = -2
2x1 —4x3 +2x4 + x5 =3

X1 —=5x3 — Txz + 6x4 + 2x5 = =7

Solution: The augmented coefficient matrix is

2 -3 -7 5 2|2
1 -2 -4 3 1|2
2 0 4 2 1|3

1 -5 -7 6 2|7
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‘We row-reduce it as follows

Thus

—_— NN =

SO o=

3 1]=2 1

5 2]-2 0
4 2 113 |7]o

6 2| -7 0
2 1 1|2
1 -1 0] 2
0 0 -1]-1]|"
0 0 11

SO O =

X1 —2x3+x4 =1

)C2+X3—X4=2

X5=1

S o~ O

3 1| -2
-1 0| 2
-4 -1\ 7
3 1|5
1 0|1
-1 02
0 111
0 00

Thus the general solution is given by (1 + 2x3 — x4, 2 + x4 — X3, X3, X4, 1) for arbitrary x3, x4 € F.

Exercise 8: Let

For which (y;,y2,y3) does the system AX = Y have a solution?

Solution: The matrix A is row-reduced as follows:

-

S O =

[ 1

0
0

Thus for every (y1, y2,y3) there is a (unique) solution.

Exercise 9: Let

-3 0 1
7 1}%[0
8 2 0
-3 0 1
1 1 }e[o
0 -6 0
3 -6
-2 4
0 0
1 =2

2
1
1
1

For which (y1, y2,y3, y4) does the system of equations AX = Y have a solution?

Solution: We row reduce as follows

3

2 4

0
1

-1
3
1
0

|
]

S OO

1
»2
Y3

_—0 O =

- o O O

Y4
Y1 —3ys+y3
Y2 + 2ys + 3y3
Y3

0 | ys

SO = O

o o

—_
L

Y4
Y1 =3y
Y2+ 2y,
V3

Y4

3
yi—3ys+y3
y2 +2y4 +3y3
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Thus (y1,y2,y3,y4) must satisfy

yi+y;=3y4=0
y2+3y3+2y4=0

1 01 -3

01 3 2
of which the general solution is (=y3 + 3y4, —3y3 — 2y4, 3, y4) for arbitrary ys,ys € F. These are the only (y1,y2,3,y4) for
which the system AX = Y has a solution.

The matrix for this system is

Exercise 10: Suppose R and R’ are 2 X 3 row-reduced echelon matrices and that the system RX = 0 and R’X = 0 have exactly
the same solutions. Prove that R = R’.

Solution: There are seven possible 2 x 3 row-reduced echelon matrices:

R1=:8 8 8 @)
R, = (1) 1 Z- 3)
S
R4=:(1) ‘ 8 5)
S
it
w20

We must show that no two of these have exactly the same solutions. For the first one R, any (x,y, z) is a solution and that’s
not the case for any of the other R;’s. Consider next R;. In this case z = 0 and x and y can be anything. We can have z # 0 for
R, R3 and Rs. So the only ones R; could share solutions with are R3 or Rg. But both of those have restrictions on x and/or y
so the solutions cannot be the same. Also R3; and R¢ cannot have the same solutions since Rg forces y = 0 while R3 does not.

Thus we have shown that if two R;’s share the same solutions then they must be among R, R4, and Rs.

The solutions for R; are (—az, —bz, z), for z arbitrary. The solutions for R4 are (—a’y—b’z,y, z) for y, z arbitrary. Thus (-4,0, 1)
is a solution for R4. Suppose this is also a solution for R,. Then z = 1 so it is of the form (—a, —b, 1) and it must be that
(-0',0,1) = (—a,—b, 1). Comparing the second component implies b = 0. But if » = 0 then R, implies y = 0. But R4 allows
for arbitrary y. Thus R, and R4 cannot share the same solutions.

The solutions for R, are (—az, —bz, z), for z arbitrary. The solutions for Rs are (x, —a’z, z) for x, z arbitrary. Thus (0, —a’, 1) is
a solution for R5. As before if this is a solution of R, then a = 0. But if a = 0 then R, forces x = 0 while in Rs x can be
arbitrary. Thus R, and Rs5 cannot share the same solutions.

The solutions for R4 are (—ay — bz, y, z) for y, z arbitrary. The solutions for Rs are (x, —a’z, z) for x, z arbitrary. Thus setting
x =1,z =0 gives (1,0,0) is a solution for Rs. But this cannot be a solution for R4 since if y = z = 0 then first component
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must also be zero.
Thus we have shown that no two R; and R; have the same solutions unless i = j.

NOTE: This fact is actually true in general not just for 2 X 3 (search for “1832109” on math.stackexchange).

Section 1.5: Matrix Multiplication

Page 18: Typo in the last paragraph where it says “the columns of B are the 1 X n matrices ...” it should be n X 1 not 1 X n.

Page 20: Typo in the Definition, it should say “An m X m matrix is said to be an elementary matrix”... Otherwise it doesn’t
make sense that you can obtain an m X n matrix from an m X m matrix by an elementary row operation unless m = n.

Exercise 1: Let

3
-1 1
A:[1 ) 1}, B=| 1|, C=[1 —-1]
-1
Compute ABC and CAB.
Solution:
AB = 4
= 4|
SO
4 4 -4
ABC—[4]-[1 —1]—[4 4]
and

Exercise 2: Let

1 -1 1 [ 2 -2
A=l2 0 11|, B=|1 3
3 0 1 | 4 4
Verify directly that A(AB) = A?B.
Solution:
1 -1 1 -1 1
A’=2 0 420
30 30
2 -1 1
=5 -2 3
6 -3 4
And
1 -1 1 2 =2
AB=|2 0 1 1 3
3 0 1 4 4
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Thus
2 -1 1 2 =2
A’B=|5 =2 3H1 3}
6 -3 4 4 4
7 -3
=[2o -4‘
25 -5
And
1 -1 1 5 -1
AAB) =| 2 0 1H 8 o\
3 0 1 10 -2

-3
-4 |.
-5

Comparing (9) and (10) we see both calculations result in the same matrix.
Exercise 3: Find two different 2 x 2 matrices A such that A = 0 but A # 0.

Solution:

—
o o
(el

| S

—
—_ O
o o

| S

are two such matrices.

Exercise 4: For the matrix A of Exercise 2, find elementary matrices E, E», ..., E; such that

Ey---EbE/A=1.

Solution:
1 -1 1
A=]2 0 1
3 0 1
1 0 O 1 -1 1 1 -1 1
EA=] -2 1 0 2 0 1(=10 2 -1
0 0 1 3 0 1 30 1
1 00 1 -1 1 1 -1 1
Ex(EiA)=| 0 1 0 0o 2 -1 |= 2 -1
-3 0 1 30 1 0 3 0
1 0 0 1 -1 1 1 -1
Es(E,E A= 0 1/2 0 0O 2 —-1{=|0 1 -1/2
0O 0 1 0O 3 0 0 3
1 1 0 1 -1 1 1 0 1/2
EL(E3sE,EIA)=]1 0 1 0 1 -1/2 =10 1 -1/2
0 0 1 0 3 0 0 3 0
1 0 O 1 0 1/2 1 0 1/2
Es(E4EsE,E:A)=| 0 1 O 01 -1/2 =101 -1/2
0 -3 1 0 3 0 0 0 3/2

Chapter 1: Linear Equations

€))

(10)
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E¢(EsEsE3ELE1A) =

E1(EsEsE4ERE,E\A) =

co~ @9

Eg(E7EsEsE4ERE,E\A) =

Exercise 5: Let

Is there a matrix C such that CA = B?

Solution: To find sucha C = [ 2 l; ]CC } we must solve the equation
[abc];_zl _[3 1]
d e f A -4 4

a+2b+c=3

This gives a system of equations

—a+2b=1
d+2e+f=-4
-d+2e=4
We row-reduce the augmented coefficient matrix
1 21 0 0O
-1 2 0 0 0 0] 1
o 0 0 1 2 1|-4
0 00 -1 2 0| 4
(1 0 1/2 0 0 O 1
N 01 1/4 0 0 O 1
00 0 1 0 1/2|-4
L0 0 0 0 1 1/4] 0

Setting ¢ = f = 4 gives the solution

Checking:
1 -1
[—1 0 4}2 5 _[3 1]
-6 -1 4 0 -4 4
Exercise 6: Let A be an m X n matrix and B an n X k matrix. Show that the columns of C = AB are linear combinations of the
columns of A. If ay, ..., @, are the columns of A and 71, ...,y are the columns of C then

n
‘}/j = Z B,ja,.
r=1
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Solution: The ij-th entry of AB is Z’;Zl A;B,;. Since the term B,; is independent of i, we can view the sum independent of
ias ),'_, B,ja, where a, is the r-th column of A. I’'m not sure what more to say, this is pretty immediately obvious from the
definition of matrix multiplication.

Exercise 7: Let A and B be 2 X 2 matrices such that AB = [. Prove that BA = I.

o)
|

Solution: Suppose

ax+bz ay+bw
cx+dz cy+dw

Then AB = I implies the following system in u, r, s, ¢ has a solution

au+bs =1
cu+ds=0
ar+bt =0
cr+dt=1

because (x,y, z, w) is one such solution. The augmented coefficient matrix of this system is

(1)

SO o Q
o Q OO
S o™
QU O O
—_ o o ~

As long as ad — bc # 0 this system row-reduces to the following row-reduced echelon form

1 0 0 0| d/(ad-bc)
0 1 0 0|=b/(ad- bc)
0 0 1 0| —c/(ad-bc)
0 0 0 1| a/(ad- be)

Thus we see that necessarily x = d/(ad — bc), y = —b/(ad — bc), z = —c/(ad — bc), w = a/(ad — bc). Thus

B= d/(ad —bc) —b/(ad — bc)
| —c/(ad —bc) a/(ad - bc)

Now it’s a simple matter to check that

d/(ad —bc) —b/(ad - bc) a b| |10
—c/(ad—bc) afad-be) || c d|7[0 1]

The loose end is that we assumed ad — bc # 0. To tie up this loose end we must show that if AB = [ then necessarily
ad — bc # 0. Suppose that ad — bc = 0. We will show there is no solution to (11), which contradicts the fact that (x, y, z, w)
is a solution. If @ = b = ¢ = d = 0 then obviously AB # I. So suppose WOLOG that a # 0 (because by elementary row
operations we can move any of the four elements to be the top left entry). Subtracting ¢ times the 3rd row from the 4th row
of (11) gives

0 0
0 0
a b

SO0 Q
S o™
_—0 O =

c-%a d-=<b
a a
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Now ¢ — £a = 0 and since ad — bc = 0 also d — £b = 0. Thus we get

S oo Q
o Q © O
So ™
o SO

—_ o O —

and it follows that (11) has no solution.

Exercise 8: Let

Cnu Cn
C =
[ Cay Cn }

be a 2 X 2 matrix. We inquire when it is possible to find 2 X 2 matrices A and B such that C = AB — BA. Prove that such
matrices can be found if and only fi Cj; + C» = 0.

Solution: We want to know when we can solve for a, b, ¢, d, x, y, z, w such that
ciu ¢ | _|a b x y| |a b x y
¢ em | | e d zw c d z w

bz —cy ay+bw—bx—dy}

The right hand side is equal to

cx+dz—az—cw cy — bz

Thus the question is equivalent to asking: when can we choose a, b, ¢, d so that the following system has a solution for x, y, z, w

bz —cy =c1
ay+bw—-bx—dy=cp (12)
cx+dz—az—cw = ¢y

cy—bz=cp
The augmented coefficient matrix for this system is

0 —C b 0 C11
-b a-d 0 b C12
c 0 d—a —c | cy
0 C -b 0 [&))

This matrix is row-equivalent to
0 —C b 0 C11
-b a-d 0 b C12
c 0 d—a -c o1
0 0 0 0 C1]1 +Cx

from which we see that necessarily ¢y + ¢ = 0.
Suppose conversely that ¢;; + ¢ = 0. We want to show 3 A, B such that C = AB — BA.
‘We first handle the case when ¢;; = 0. We know c¢j; + ¢ = 0 so also ¢35 = 0. So C is in the form
ra
¢ 0 |

In this case let
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Then

So we can assume going forward that ¢;; # 0. We want to show the system (12) can be solved. In other words we have to
find a, b, ¢, d such that the system has a solution in x, y, z, w. If we assume b # 0 and ¢ # 0 then this matrix row-reduces to the
following row-reduced echelon form

1 0 d-a)fc -1 Ty — @
0 1 —dfc 0 —cn/c
0 0 0 0 —%(d—a)+021+%
0 0 0 0 ¢+ e
We see that necessarily
—%(d—a)-i—czl +% = 0.

Since ¢;; # 0, wecanseta =0,b =c=1andd = % Then the system can be solved and we get a solution for any
choice of z and w. Setting z =w =0 we get x = ¢y and y = ¢y;.

Summarizing, if ¢;; # 0O then:

a=0
b=1
c=1

d=(crp+ca)/cn

X = (21

y=c<ci

|
[\®)

For example if C = [ § _12 ] then A = [
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\.

Find a row-reduced echelon matrix R which is row-equivalent to A and an invertible 3 X 3 matrix P such that R = PA.

Section 1.6: Invertible Matrices
Exercise 1: Let
2 1
A=| -1 0 3
1 -2 1

—_ O

Solution: As in Exercise 4, Section 1.5, we row reduce and keep track of the elementary matrices involved. It takes nine
steps to put A in row-reduced form resulting in the matrix

3/8 —1/4 3/8
P=|1/4 0 -1/4 |.

1/8 1/4 1/8

Exercise 2: Do Exercise 1, but with

A=
i1 1

2 0 i
1 -3 —i].

Solution: Same story as Exercise 1, we get to the identity matrix in nine elementary steps. Multiplying those nine elementary
matrices together gives

2943 1-3i
/3 - 30 10

- _ 3+ 1230
pP= 0 10 10
; 3+i 3+i
—i/3 15 5

Exercise 3: For each of the two matrices

2 5 -1 1 -1 2
4 -1 2|, |3 2 4
6 4 1 0 1 -2

use elementary row operations to discover whether it is invertible, and to find the inverse in case it is.

Solution: For the first matrix we row-reduce the augmented matrix as follows:

(2 5 -1]1 0 0
4 -1 2 010‘
6 4 1]0 0 1
(2 5 -1]1 0
Slo -1 4|2 0]
0 -11 4 |-=3 1

- o O = O

2 5 -1]1 0
-0 -11 4 |2 0
0 0 0 |-1 -1 1

At this point we see that the matrix is not invertible since we have obtained an entire row of zeros.

For the second matrix we row-reduce the augmented matrix as follows:

1 -1 2
3 2 4

S O =
S = O

0o 1 =2

—_ o O
—
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O =
w |
—_
I o
[\®)
[
[O%)
—_ O
o O

1)
(=)
|
\]
=)
()
—_

(10 0|1 0 1
Slo 1 =2]0 0 1
(00 8|31 -5]
10 0] 1 0 1
—>l01—2 0 0 1 ]
0 0 1 |-3/8 1/8 -5/8

!
—
oS o =

00 1 0 1
1 0|-3/4 1/4 -1/4
0 1/|-3/8 1/8 -=5/8

Thus the inverse matrix is
1 0 1
[ -3/4 1/4 -1/4 ]
3/8 1/8 -5/8

Exercise 4: Let

A=

500
I 5 0.
0

For which X does there exist a scalar ¢ such that AX = cX?

Solution:
500 X by
1 50 y|=cl|ly
015 z Z
implies
5x =cx (13)
x+5Sy=cy (14)
y+5z=cz (15)
0
Now if ¢ # 5 then (13) implies x = 0, and then (14) implies y = 0, and then (15) implies z = 0. Soitis true for| 0 |withc = 0.
0

0
If ¢ = 5 then (14) implies x = 0 and (15) implies y = 0. So if ¢ = 5 any such vector must be of the form [ 0 } and indeed any
z

such vector works with ¢ = 5.

0
So the final answer is any vector of the form I 0 \
z
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Exercise 5: Discover whether

1 2 3 4
02 3 4
00 3 4
0 0 0 4
is invertible, and find A~ if it exists.
Solution: We row-reduce the augmented matrix as follows:
1 23 4|1 0 0 O
0 23 4/0 1 0O
0 0 3 4/0 010
0 00 4/0 0 01
1 00 0|1 -1 00
02 3 4/0 1 0O
H
00 3 4/0 0 1 0
00 0 4/0 0 01
1 00 01 -1 0 O
. 020 0/0 1 -120
0 0 3 4|0 1 0
000 4/0 0 0 1
1 00 0|1 -1 0 O
. 02000 1 -1 O
00 3 0/0 0 1 -1
000 4/0 0 0 1
1 0 0 01 -1 0 0
5 o010 00 1/2 -1/2 O
001 040 O 1/3  -1/3
00 0 1,0 O 0 1/4
Thus the A does have an inverse and
1 -1 0 0
Al = 0 172 -1/2 0

0 0 1/3 -1/3
0 0 0 1/4

Exercise 6: Suppose A is a 2 X 1 matrix and that B is a 1 X 2 matrix. Prove that C = AB is not invertible.

Solution: Write A =[ Zl ]andB =[b; b,]. Then
2
| aiby aibs
AB = [ a2b1 azbz ]

If any of a;, ay, b; or b, equals zero then AB has an entire row or an entire column of zeros. A matrix with an entire row or
column of zeros is not invertible. Thus assume a;, a,, b; and b, are non-zero. Now if we add —a,/a; of the first row to the
second row we get

aiby  aib;
0 0 ’

Thus AB is not row-equivalent to the identity. Thus by Theorem 12 page 23, AB is not invertible.



22 Chapter 1: Linear Equations

Exercise 7: Let A be an n X n (square) matrix. Prove the following two statements:

(a) If A is invertible and AB = 0 for some n X n matrix B then B = 0.

(b) If A is not invertible, then there exists an n X n matrix B such that AB = 0 but B # 0.
Solution:

(@)0=A"10=A""(AB) = (A"'A)B = IB = B. Thus B = 0.

(b) By Theorem 13 (ii) since A is not invertible AX = 0 must have a non-trivial solution v. Let B be the matrix all of whose
columns are equal to v. Then B # 0 but AB = 0.

Exercise 8: Let

Prove, using elementary row operations, that A is invertible if and only if (ad — bc) # 0.

Solution: Suppose

Then

AB = cx+dz cy+dw

ax + bz ay+bw}

Then AB = [ implies the following system in u, r, s, t has a solution

au+bs =1
cu+ds=0
ar+ bt =0
cr+dt=1

because (x,y, z, w) is one such solution. The augmented coefficient matrix of this system is

a 0 b 0]1
c 04 0|0
0 a 0 b|O0 | (16)
0 ¢c 0 d|1

As long as ad — bc # 0 this system row-reduces to the following row-reduced echelon form

1 0 0 0| d/(ad-bc)
0 1 0 O] -b/(ad - bc)
0 0 1 0| —c/(ad-bc)
0 0 0 1] a/(ad—-bc)

Thus we see that x = d/(ad — bc), y = —b/(ad — bc), z = —c/(ad — bc), w = a/(ad — bc) and

Al = d/(ad —bc) —b/(ad — bc)
" | =c/(ad —bc) a/(ad - be)

Now it’s a simple matter to check that

d/(ad —bc) —b/(ad - bc) a b| |10
—c/(ad — bc) a/(ad - bc) Ne a0 1]
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Now suppose that ad — bc = 0. We will show there is no solution. If a = b = ¢ = d = 0 then obviously A has no inverse.
So suppose WOLOG that a # 0 (because by elementary row and column operations we can move any of the four elements
to be the top left entry, and elementary row and column operations do not change a matrix’s status as being invertible or not).
Subtracting < times the 3rd row from the 4th row of (16) gives

a

0 0
0 0
a b

SO0 Q
So U™
_—0 O =

c—ta d—gb

<
a

Now ¢ — £a = 0 and since ad — bc = 0 also d — £b = 0. Thus we get

SO0 Q
o OO
S o
(=N e N
—_o O —

and it follows that A is not invertible.

Exercise 9: An nx n matrix A is called upper-triangular if ¢;; = 0 for i > j, that is, if every entry below the main diagonal is
0. Prove that an upper-triangular (square) matrix is invertible if and only if every entry on its main diagonal is different from
Zero.

Solution: Suppose that a; # 0 for all i. Then we can divide row i by a;; to give a row-equivalent matrix which has all ones
on the diagonal. Then by a sequence of elementary row operations we can turn all off diagonal elements into zeros. We can
therefore row-reduce the matrix to be equivalent to the identity matrix. By Theorem 12 page 23, A is invertible.

Now suppose that some a; = 0. If all a;;’s are zero then the last row of the matrix is all zeros. A matrix with a row of zeros
cannot be row-equivalent to the identity so cannot be invertible. Thus we can assume there’s at least one i such that a; # 0.
Let i’ be the largest such index, so that ay = 0 and a; # O for all i > i’. We can divide all rows with i > i’ by a;; to give ones
on the diagonal for those rows. We can then add multiples of those rows to row i’ to turn row i’ into an entire row of zeros.
Since again A is row-equivalent to a matrix with an entire row of zeros, it cannot be invertible.

Exercise 10: Prove the following generalization of Exercise 6. If A is an m X n matrix and B is an n X m matrix and n < m,
then AB is not invertible.

Solution: There are n colunms in A so the vector space generated by those columns has dimension no greater than n. All
columns of AB are linear combinations of the columns of A. Thus the vector space generated by the columns of AB is con-
tained in the vector space generated by the columns of A. Thus the column space of AB has dimension no greater than n.
Thus the column space of the m X m matrix AB has dimension less or equal to n and n < m. Thus the columns of AB generate
a space of dimension strictly less than m. Thus AB is not invertible.

Exercise 11: Let A be an n X m matrix. Show that by means of a finite number of elementary row and/or column operations
one can pass from A to a matrix R which is both ‘row-reduced echelon’ and ‘column-reduced echelon,’ i.e., R;; = 0if i # j,
Ri=1,1<i<r R;=0ifi>r. Showthat R = PAQ, where P is an invertible mXxm matrix and Q is an invertible nXn matrix.

Solution: First put A in row-reduced echelon form, R’. So 3 an invertible m X m matrix P such that R” = PA. Each row of R’
is either all zeros or starts (on the left) with zeros, then has a one, then may have non-zero entries after the one. Suppose row
i has a leading one in the j-th column. The j-th column has zeros in all other places except the i-th, so if we add a multiple
of this column to another column then it only affects entries in the i-th row. Therefore a sequence of such operations can turn
this row into a row of all zeros and a single one.
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Let B be the n X n matrix such that B,, = 1 and B,;, = 0V r # s except Bj; # 0. Then AB equals A with B times column
j added to column k. B is invertible since any such operation can be undone by another such operation. By a sequence of
such operations we can turn all values after the leading one into zeros. Let Q be a product of all of the elementary matrices B
involved in this transformation. Then PAQ is in row-reduced and column-reduced form.

Exercise 12: The result of Example 16 suggests that perhaps the matrix

1 1
13 a
1 1 1
2 3 P
B .
n n+l 2n—1

is invertible and A~! has integer entries. Can you prove that?

Solution: This problem seems a bit hard for this book. There are a class of theorems like this, in particular these are called
Hilbert Matrices and a proof is given in this article on arxiv by Christian Berg called Fibonacci numbers and orthogonal
polynomials (http://arxiv.org/pdf/math/0609283v2.pdf). See Theorem 4.1. Also there might be a more elementary
proof in this discussion on mathoverflow.net where two proofs are given:
http://mathoverflow.net/questions/47561/deriving-inverse-of-hilbert-matrix.

Also see http://vigo.ime.unicamp.br/HilbertMatrix.pdf where a general formula for the i, j entry of the inverse is

given explicitly as
o i+ j-1\fi+j-1)\
-D*GE+j-1
o )(n—j)( nei )( i—l)
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Section 2.1: Vector Spaces

Page 29, three lines into the first paragraph of text they refer to “two operations”. This could be confusing since they just
said a vector space is a composite object consisting of a field and a set with a rule. There are two sets, the field F' and the set
of vectors V. Really there are four operations going around. There is addition and multiplication in the field F, and there is
addition also in V, that’s three. But there’s also multiplication of an element of F and an element of V. That’s why there are
two distributive rules. But keep in mind we do not multiply elements of V together - there’s no multiplication within V, only
within F and between F and V. So anyway, why did they say “two” operations? They’re clearly ignoring the two operations
in the field and just talking about operations involving vectors. You get the point.

Exercise 1: If F is a field, verify that F” (as defined in Example 1) is a vector space over the field F.

Solution: Example 1 starts with any field and defines the objects, the addition rule and the scalar multiplication rule. We
must show the set of n-tuples satisfies the eight properties required in the definition.

1) Addition is commutative. Let @ = (xy,...,x,) and 8 = (y1,...,y,) be two n-tuples. Then @ + 8 = (x| + y1,..., Xy + V).
And since F is commutative this equals (y; + x1,...,y, + X,), which equals 8+ @. Thusa + 8 =6+ a.

2) Addition is associative. Let @ = (xq,...,x,), 8 = Ob1,...,ys) and y = (21, ...,2,) be three n-tuples. Then (o + B) +y =
((x1+y1)+z1, ..., (x4 +yn)+2z,). And since F is associative this equals (x; +(y1 +21), . - ., Xu + (¥ +21,)), Which equals a+(8+7).

3) We must show there is a unique vector 0 in V such that « + 0 = @ V @ € V. Consider (Op,...,0F) the vector of all
0’s of length n, where O is the zero element of F. Then this vector satisfies the property that (Of,...,0r) + (x1,...,x,) =
Op +x15...,0p + x,) = (x1,...,x,) since Op + x = xV x € F. Thus (Op,...,0r) + @ = @ Yo € V. We must just show this
vector is unique with respect to this property. Suppose 8 = (xi, ..., X,) also satisfies the property that 3+ a = a foralla € V.
Leta = (Op,...,0p). Then (x1,...,x,) = (x; +0p,..., X, +0p) = (x1,...,%,) +(Op,...,0F) and by definition of § this equals
Opg,...,0p). Thus (x1,...,x,) = (Op,...,0r). Thus 8 = @ and the zero element is unique.

4) We must show for each vector « there is a unique vector 8 such that @ + § = 0. Suppose @ = (x1,...,x,). Let 8 =
(—=x1,...,—x,). Then B has the required property a + 8 = 0. We must show £ is unique with respect to this property. Suppose
also’ = (x7, ..., x,) also has this property. Then @+8 = O and a+f" = 0. So 8 = f+0 = f+(a+p') = (B+a)+p = 0+ =f".

5) Let 1 be the multiplicative identity in F. Then 15 - (xy,...,x,) = (1 -x1,...,1-Xx,) = (x[,...,x,)since lp-x =xVxeF.
Thus lrpa=aVaceV.

6) Let @« = (xq,...,x,). Then (cicr)a = ((cic2)x1,...,(c1¢2)x,) and since multiplication in F is associative this equals
(ci(cax1), ..., c1(caxy)) = ci(caxy, ... C2xy) = c1 - (C2).

TLeta = (x1,...,x,)and 8 = (y1,...,y,). Thenc(a+p) = c(x1+y1,..., X, +yn) = (c(x1+Y1), ..., c(x,+Yy,)) and since multi-
plication is distributive over addition in F this equals (cx;+cyy, ..., cx,+xy,). This then equals (cxy, ..., cx,)+(cy1, ..., cy,) =

25
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c(X1y.. s X)) +cO1y ..., yn) = ca + ¢B. Thus c(a + B) = ca + cB.
8) Let a = (x1,...,x,). Then (¢ + c2)a = ((c1 + ¢2)x1,...,(c1 + ¢2)x,) and since multiplication distributes over addition in
F this equals (c1 x| + c2X1,...,C1X%, + C2Xxp) = (C1X1, ..., C1Xy) + (C2X1, ... C2Xy) = C1(XY, ..oy Xp) + C2(X1, ..., Xy) = CLO + 0.

Thus (c1 + c)a = cia + caa.
Exercise 2: If V is a vector space over the field F, verify that
(1 +a@)+ (s +ag) =+ (a3 + )] +ay
for all vectors a1, a2, @3 and a4 in V.
Solution: This follows associativity and commutativity properties of V:
(1 + a2) + (@3 + a4)

=(@m+a)+ (a3 + )
=ay + [a) + (a3 + aa)]
=+ (a1 + @3) + a4
=[az + (a1 +a3)] + ay

= [(12 + ((l3 + (l])] + 4.

Exercise 3: If C is the field of complex numbers, which vectors in C3 are linear combinations of (1,0, —1), (0, 1, 1), and
(1,1,1)?

Solution: If we make a matrix out of these three vectors

1 0 1
A=| 0 1
-1 1 1
then if we row-reduce the augmented matrix
1 1{1 0 O
1 1/]0 1 0
-11 1{0 0 1

we get
0 0j]0 1 -1
1

o
|

]
|

0O o0 1|1 -1 1

Therefore the matrix is invertible and AX = Y has a solution X = A~'Y for any Y. Thus any vector Y € C3 can be written as a
linear combination of the three vectors. Not sure what the point was of making the base field C.

Exercise 4: Let V be the set of all pairs (x, y) of real numbers, and let F’ be the field of real numbers. Define
(e, y) + (1, yn) = (X + X1,y + y1)

c(x,y) = (cx,y).

Is V, with these operations, a vector space over the field of real numbers?
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Solution: No it is not a vector space because (0,2) = (0,1) + (0,1) = 2(0,1) = (2-0,1) = (0,1). Thus we must have
(0,2) = (0, 1) which implies 1 = 2 which is a contradiction in the field of real numbers.

Exercise 5: On R”, define two operations
a®f=a-p0
c-a=—ca.

The operations on the right are the usual ones. Which of the axioms for a vector space are satisfied by (R", ®, -)?

Solution:

1) ® is not commutative since (0,...,0)®(1,...,1) =(-1,...,-1) while(1,...,1)®(0,...,0) =(1,...,1). And(1,...,1) #
(-1,...,-1).

2) & is not associative since ((1,..., )& (,...,1)®2,...,2) = 0,...,0® (2,...,2) = (-2,...,-2) while (1,...,1) ®
a,....he@,....,2)=1,....,h®e(-1,...,-1)=(2,...,2).

3) There does exist a right additive identity, i.e. a vector O that satisfies @ + 0 = « for all a. The vector 8 = (0, ..., 0) satisfies
a+pB = aforall @. Andif g = (by,...,b,) also satisfies (xi,...,x,) + B = (x1,...,x,) then x; — b; = x; for all i and thus
b; = 0 for all i. Thus 8 = (0,...,0) is unique with respect to the property a + 8 = « for all a.

4) There do exist right additive inverses. For the vector @ = (x1, ..., x,) clearly only « itself satisfies « ® @ = (0, ...,0).

5) The element 1 does not satisfy 1-a = a for any non-zero « since otherwise we would have 1-(xq,...,x,;) = (—x1,...,—X,) =
(x1,...,x,) only if x; = 0 for all i.

6) The property (cicz) - @ = ¢; - (¢z - @) does not hold since (cicp)a = (—cic2)a while ¢j(c@) = ci(—cra) = (—c1(—c2a)) =
+cica. Since cjc; # —cjc; for all ¢y, ¢, they are not always equal.

7) It does hold that ¢ - (¢ ®B) = c-a®c-B. Firstly, c- (@ ®p) = c- (@ —B) = —c(a — ) = —ca + ¢B. And secondly
c-ad®c-f=(—ca)®(—cf) = —ca — (—cB) = —ca + c¢B. Thus they are equal.

8) It does not hold that (¢; + ¢2) - @ = (¢c; - @) ® (¢c3 - @). Firstly, (¢c; + ¢2) - @ = —(c1 + )@ = —cja@ — cp. Secondly,
cr-a®cy-a=(—c-a)®(—c-a) = —cia + cra. Since —c1a — cra # —cja — ¢y for all ¢y, ¢, they are not equal.

Exercise 6: Let V be the set of all complex-valued functions f on the real line such that (for all 7 in R)
f=0 = f@).
The bar denotes complex conjugation. Show that V, with the operations
(f+89)® = f(1) +g@)
(chH®) =cf()

is a vector space over the field of real numbers. Give an example of a function in V which is not real-valued.

Solution: We will use the basic fact thata + b =a+ b and ab = a - b.

Before we show V satisfies the eight properties we must first show vector addition and scalar multiplication as defined are ac-
tually well-defined in the sense that they are indeed operations on V. In other words if f and g are two functions in V then we
must show that f + g is in V. In other words if f(—f) = f(¢) and g(—r) = g(¢) then we must show that (f + g)(—t) = (f + g)(?).
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This is true because (f + g)(=1) = f(~1) + g(~1) = f(1) + g(1) = (f©) + g(0) = (f + ).
Similary, if ¢ € R, (cf)(—t) = cf(~1) = cf(t) = cf(t) since ¢ = ¢ when ¢ € R.
Thus the operations are well defined. We now show the eight properties hold:

1) Addition on functions in V is defined by adding in C to the values of the functions in C. Thus since C is commutative,
addition in V inherits this commutativity.

2) Similar to 1, since C is associative, addition in V inherits this associativity.
3) The zero function g(¢) = 0is in V since =0 = 0. And g satisfies f+g = f forall f € V. Thus V has a right additive identity.

4) Let g be the function g(f) = —f(¢). Then g(—t) = —f(-t) = —m =—f( = @ Thusge V. And (f+2)(®) = f() +g(t) =
f(® — f(¢) = 0. Thus g is a right additive inverse for f.

5) Clearly 1 - f = f since 1 is the multiplicative identity in R.

6) As before, associativity in C implies (cic2)f = c1(caf).

7) Similarly, the distributive property in C implies c(f + g) = cf + cg.

8) Similarly, the distributive property in C implies (¢; + ¢2)f = c1f + caof.

An example of a function in V which is not real valued is f(x) = ix. Since f(1) = i f is not real-valued. And f(—x) = —ix = ix
sincex e R,so feV.

Exercise 7: Let V be the set of pairs (x, y) of real numbers and let F be the field of real numbers. Define
(x,y) + (x1,y1) = (x + x1,0)
c(x,y) = (cx,0).
Is V, with these operations, a vector space?

Solution: This is not a vector space because there would have to be an additive identity element (a, b) which has the property
that (a, b) + (x,y) = (x,y) for all (x,y) € V. But this is impossible, because (a, b) + (0, 1) = (a, 0) # (0, 1) no matter what (a, b)
is. Thus V does not satisfy the third requirement of having an additive identity element.

Section 2.2: Subspaces

Page 39, typo in Exercise 3. It says R>, should be R?.

Exercise 1: Which of the following sets of vectors @ = (ay,...,a,) in R"” are subspaces of R" (n > 3)?
(a) all @ such that a; > 0;

(b) all @ such that a; + 3a; = as;

2

(¢) all @ such that a; = ay;

(d) all @ such that a;a, = 0;
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(e) all a such that a, is rational.

Solution:
(a) This is not a subspace because for (1,..., 1) the additive inverse is (-1, ..., —1) which does not satisfy the condition.

(b) Suppose (ay,as,as,...,a,) and (b1, by, bs, . .., b,) satisfy the condition and let ¢ € R. By Theorem 1 (page 35) we must
show that c(ay, a», as, . .. ,a,)+(b1, b2, b3, ..., b,) = (cay+by, ..., ca,+b,) satisfies the condition. Now (ca;+b1)+3(ca+b;) =
clay +3ay) + (b1 + 3by) = c(az) + (b3) = cas + bs. Thus it does satisfy the condition so V is a vector space.

(c) This is not a vector space because (1, 1) satisfies the condition since 12=1,but (1,1,...)+(1,1,...) = (2,2,...) and
(2,2,...) does not satisfy the condition because 2% # 2.

(d) This is not a subspace. (1,0,...)and (0, 1,...) both satisfy the condition, but their sumis (1, 1, ...) which does not satisfy
the condition.

(e) This is not a subspace. (1, 1,..., 1) satisfies the condition, but 7(1, 1,...,1) = (7, x, ..., m) does not satisfy the condition.

Exercise 2: Let V be the (real) vector space of all functions f from R into R. Which of the following sets of functions are
subspaces of V?

(a) all £ such that f(x?) = f(x);
(b) all f such that £(0) = £(1);

(c) all f such that f(3) = 1 + f(=5);
(d) all f such that f(-1) = 0;

(e) all f which are continuous.

Solution:

(a) Not a subspace. Let f(x) = x and g(x) = x>. Then both satisfy the condition: f(x?) = x*> = (f(x))* and g(x*) = (x?)> =
(g(x). But (f + 2)(x) = x + x> and (f + g)(x*) = x> + x* while [(f + 9)(¥)]® = (x + ¥*)> = x* + 2x> + x?. These are not equal
polynomials so the condition does not hold for f + g.

(b) Yes a subspace. Suppose f and g satisfy the property. Let ¢ € R. Then (cf+g)(0) = cf(0)+g(0) = cf(1)+g(1) = (cf+g)(1).
Thus (cf + g)(0) = (cf + g)(1). By Theorem 1 (page 35) the set of all such functions constitute a subspace.

(c) Not a subspae. Let f(x) be the function defined by f(3) = 1 and f(x) = O for all x # 3. Let g(x) be the function defined
by g(-5) = 0 and g(x) = 1 for all x # —5. Then both f and g satisfy the condition. But (f + g)(3) = f3)+g(3) =1+1=2,
while 1 + (f+g)(-5) =1+ f(-5) +g(-5)=1+0+0=1. Since 1 # 2, f + g does not satisfy the condition.

(d) Yes a subspace. Suppose f and g satisfy the property. Let ¢ € R. Then (c¢f + g)(-1) = cf(-1) + g(-1) =c-0+0 = 0.
Thus (cf + g)(—1) = 0. By Theorem 1 (page 35) the set of all such functions constitute a subspace.

(e) Yes a subspace. Let f and g be continuous functions from R to R and let ¢ € R. Then we know from basic results of real
analysis that the sum and product of continuous functions are continuous. Since the function ¢ +— c is continuous as well
as f and g, it follows that cf + g is continuous. By Theorem 1 (page 35) the set of all cotinuous functions constitute a subspace.

Exercise 3: Is the vector (3,—1,0,—1) in the subspace of R (sic) spanned by the vectors (2,-1,3,2), (-1,1,1,-3), and
(17 17 97 _5)‘7
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Solution: I assume they meant R*. No, (3,-1,0,—1) is not in the subspace. If we row reduce the augmented matrix

2 -1 1 3
-1 1 1 | -1
3 1 910
2 -3 -5]-1
we obtain
1 0 2| 2
01 3|1
0 0 0|-7
00 0|2

The two bottom rows are zero rows to the left of the divider, but the values to the right of the divider in those two rows are
non-zero. Thus the system does not have a solution (see comments bottom of page 24 and top of page 25).

Exercise 4: Let W be the set of all (x;, x2, x3, X1, x5) in R> which satisfy

4
2)C1—XZ+§X3—X4 =0

X1 + §X3 —x5=0
9x1 — 3x7 + 6x3 — 3x4 — 3x5 = 0.
Find a finite set of vectors which spans W.

Solution: The matrix of the system is

1 0 2/3 0 -1

2 -1 43 -1 O
9 -3 6 -3 -3

Row reducing to reduced echelon form gives

1 0 2/3 0 -1
01 0 1 -2
0 0 O 0

Thus the system is equivalent to
x1+2/3x3—x5=0

Xy + x4 —2x5 = 0.

Thus the system is parametrized by (x3, x4, x5). Setting each equal to one and the other two to zero (as in Example 15, page
42), in turn, gives the three vectors (-2/3,0, 1,0, 0), (0,-1,0, 1,0) and (1, 2,0, 0, 1). These three vectors therefore span W.

Exercise 5: Let F be a field and let n be a positive integer (n > 2). Let V be the vector space of all n X n matrices over F.
Which of the following sets of matrices A in V are subspaces of V?

(a) all invertible A;
(b) all non-invertible A;
(c) all A such that AB = BA, where B is some fixed matrix in V;

(d) all A such that A% = A.
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Solution:

(a) This is not a subspace. Let A = [ (1) (]) } andlet B = [ _01 _0] . Then both A and B are invertible, but A+ B = 8 g }

which is not invertible. Thus the subset is not closed with respect to matrix addition. Therefore it cannot be a subspace.

(b) This is not a subspace. Let A = (1) 8 and let B = [ 8 (1) . Then neither A nor B is invertible, but A + B = (1) (1) }

which is invertible. Thus the subset is not closed with respect to matrix addition. Therefore it cannot be a subspace.

(c) This is a subspace. Suppose A; and A, satisfy AjB = BA; and A;B = BA;. Let ¢ € F be any constant. Then
(cA; + A))B = cA1B + AyB = ¢cBA| + BA; = B(cAy) + BA; = B(cA; + Ay). Thus cA; + A, satisfy the criteria. By
Theorem 1 (page 35) the subset is a subspace.

(d) This is a subspace if F equals Z/2Z, otherwise it is not a subspace.
2
1 o0 ) 120 2 0 _ 40
Suppose first that char(F) # 2. Let A = [ 0 1 ] Then A~ = A. ButA+A = [ 0 2 ]and[ 0 2 ] = [ 0 4 } *
[2 0

0 2 ] Thus A + A does not satisfy the criteria so the subset cannot be a subspace.

Suppose now that F = Z/2Z. Suppose A and B both satisfy A> = A and B> = B. Let ¢ € F be any scalar. Then
(cA + B)? = ?A? + 2cAB + B?. Now 2 = 0 so this reduces to ¢?’A? + B2. If ¢ = 0 then this reduces to B> which equals
B, if ¢ = 1 then this reduces to A% + B2 which equals A + B. In both cases (cA + B)? = cA + B. Thus in this case by Theorem
1 (page 35) the subset is a subspace.

Finally suppose char(F) = 2 but F is not Z/2Z. Then |F| > 2. The polynomial x*> — x = 0 has at most two solutions in F, so
1

0 1
must be that ¢/ is also in the subspace. Thus it must be that (cI)*> = c¢I. Which is equivalent to ¢> = ¢, which contradicts the
way ¢ was chosen.

q ¢ € F such that ¢? # ¢. Consider the identity matrix I = . Then I? = I. If such matrices form a subspace then it

Exercise 6:
(a) Prove that the only subspaces of R! are R! and the zero subspace.

(b) Prove that a subspace of R? is R?, or the zero subspace, or consists of all scalar multiples of some fixed vector in R
(The last type of subspace is, intuitively, a straight line through the origin.)

(c) Can you describe the subspaces of R3?

Solution:

(a) Let V be a subspace of R'. Suppose v € V with v # 0. Then v is a vector but it is also simply an element of R. Let
a € R. Then a = % - v where % is a scalar in the base field R. Since cv € V Y ¢ € R, it follows that & € V. Thus we have
shown that if V # {0} then V = R,

(b) We know the subsests {(0, 0)} (example 6a, page 35) and R? (example 1, page 29) are subspaces of R2. Also for any vector
v in any vector space over any field F, the set {cv | ¢ € F} is a subspace (Theorem 3, page 37). Thus we will be done if we
show that if V is a subspace of R? and there exists v;, v, € V such that v; and v, do not lie on the same line, then V = R2.
Equivalently we must show that any vector w € R2 can be written as a linear combination of v; and v, whenever v; and v, are
not co-linear. Equivalently, by Theorem 13 (iii) (page 23), it suffices to show that if v{ = (a, ) and v, = (¢, d) are not colinear,
then the matrix A = [vlT va ] is invertible. Suppose a # 0 and let x = ¢/a. Then xa = ¢, and since v; and v, are not colinear, it
follows that xb # d. Thus equivalently ad — bc # 0. It follows now from Exercise 1.6.8 pae 27 that if v; and v, not colinear
then the matrix A is invertible. Finally A” is invertible implies A is invertible, since clearly (A7)™! = (A™")7. Similarly if
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a = 0 then it must be that b # 0 so we can make the same argument. So in all cases A is invertible.

(c) The subspaces are the zero subspace {0, 0,0}, lines {cv | ¢ € R} for fixed v € R3, planes {c;v; + c2v2 | ¢1,¢2 € R} for
fixed v, v, € R? and the whole space R?. By Theorem 3 we know these all are subspaces, we just must show they are the
only subspaces. It suffices to show that if v{, v, and v3 are not co-planar then the space generated by v, v,, v3 is all of R3.
Equivalently we must show if v; and v, are not co-linear, and v is not in the plane generated by v;, v, then any vector w € R3
can be written as a linear combination of vy, v,, v3. Equivalently, by Theorem 13 (iii) (page 23), it suffices to show the matrix
A = [v; v, v3]isinvertible. A is invertible < AT is invertible, since clearly (A7)~! = (A=")”. Now v; is in the plane generated
by vi, V2 ¢ v3 can be written as a linear combination of v; and v, & AT is row equivalent to a matrix with one of its rows
equal to all zeros (this follows from Theorem 12, page 23) & AT is not invertible. Thus v3 is not in the plane generated by
V1, V2 © A is invertible.

Exercise 7: Let W, and W, be subspaces of a vector space V such that the set-theoretic union of W and W, is also a subspace.
Prove that one of the spaces W; is contained in the other.

Solution: Assume the space generated by W; and W, is equal to their set-theoretic union W; U W,. Suppose W, £ W, and
W, € W;. We wish to derive a contradiction. So suppose 3 w; € Wy \ W, and A w, € W, \ W;. Consider w; + w,. By
assumption this is in Wy U W, so A w/| € Wy such that wy +w, = w} or A w;, € W, such that wy +w, = w). If the former, then
wy = w’1 — w1 € W; which contradicts the assumption that w, ¢ W;. Likewise the latter implies the contradiction w; € W.
Thus we are done.

Exercise 8: Let V be the vector space of all functions from R into R; let V, be the susbset of even functions, f(—x) = f(x);
let V,, be the subset of odd functions, f(—x) = —f(x).

(a) Prove that V, and V, are subspaces of V.
(b) ProvethatV, +V, =V.
(c) Prove that V, NV, ={0}.

Solution:

(@) Let f,ge V,andc € R. Leth = cf + g. Then h(—x) = cf(—x) + g(—x) = cf(x) + g(x) = h(x). So h € V,. By Theorem 1
(page 35) V, is a subspace. Now let f,g € V,and c € R. Leth = cf+g. Then h(—x) = cf(—x)+g(—x) = —cf(x)—g(x) = —h(x).
So h € V,. By Theorem 1 (page 35) V, is a subspace.

(b) Let f € V. Let f,(x) = w and f, = w Then f, is even and f, is odd and f = f, + f,. Thus we have written
fasg+hwheregeV,andheV,.

(c)Let f € V.NnV,. Then f(—x) = —f(x) and f(—x) = f(x). Thus f(x) = —f(x) which implies 2 f(x) = O which implies f = 0.

Exercise 9: Let W; and W, be subspaces of a vector space V such that W, + W, = V and W; N W, = {0}. Prove that for each
vector @ in V there are unique vectors a; in W, and @, in W, such that @ = a; + a5.

Solution: Let @ € W. Suppose @ = a; + a; for @; € W; and a = 1 + 8, for 8; € W;. Then a; + a» = B + 5> which implies

a1 —B1 = B2 —ay. Thus a; — By € Wy and a; — 81 € W,. Since Wi N W, = {0} it follows that @; — 81 = 0 and thus a; = B;.
Similarly, 8, — @, € W) N W, so also a; = ;.

Section 2.3: Bases and Dimension

Exercise 1: Prove that if two vectors are linearly dependent, one of them is a scalar multiple of the other.
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Solution: Suppose v; and v; are linearly dependent. If one of them, say vy, is the zero vector then it is a scalar multiple of the
other one v; = 0-v,. So we can assume both v and v, are non-zero. Then if 3 ¢, ¢; such that c;v; + covo = 0, both ¢ and ¢,
must be non-zero. Therefore we can write v; = —Z—fvz.

Exercise 2: Are the vectors
012(1515254)5 0’2:(25_1’_552)
a3 =(1,-1,-4,0), as=(@2,1,1,6)
linearly independent in R*?

Solution: By Corollary 3, page 46, it suffices to determine if the matrix whose rows are the @;’s is invertible. By Theorem 12
(ii) we can do this by row reducing the matrix

11 2 4
2 -1 -5 2
1 -1 -4 0
21 1 6
11 2 47 (1 1 2 4 1 1 2 4 11 2 4
2 -1 -5 2 0 -3 -9 swap —1—3—2 01 3 2 01 3 2
1 -1 -4 0|70 —2 -6 WI 3 9 6|70 -3 9 6||0 0 0 0
21 1 6 0 -1 -3 2 -6 -4 0 -2 -6 -4 000 0

Thus the four vectors are not linearly independent.
Exercise 3: Find a basis for the subspace of R* spanned by the four vectors of Exercise 2.

Solution: In Section 2.5, Theorem 9, page 56, it will be proven that row equivalent matrices have the same row space. The
proof of this is almost immediate so there seems no easier way to prove it than to use that fact. If you multiply a matrix A
on the left by another matrix P, the rows of the new matrix PA are linear combinations of the rows of the original matrix.
Thus the rows of PA generate a subspace of the space generated by the rows of A. If P is invertible, then the two spaces
must be contained in each other since we can go backwards with P~!'. Thus the rows of row-equivalent matrices generate the
same space. Thus using the row reduced form of the matrix in Exercise 2, it must be that the space is two dimensoinal and
generated by (1, 1,2,4) and (0, 1, 3, 2).

Exercise 4: Show that the vectors
a; =(1,0,-1), a,=(1,2,1), a3=1(0,-3,2)

form a basis for R3. Express each of the standard basis vectors as linear combinations of @1, a», and 3.

Solution: By Corollary 3, page 46, to show the vectors are linearly independent it suffices to show the matrix whose rows are
the «;’s is invertible. By Theorem 12 (ii) we can do this by row reducing the matrix

1 0 -1
1 2 1 |

0 -3 2

1 0 -1 1 0 -1 1 0 -1 1 0 -1 1 0 -1 1 0 0
1 2 1 -0 2 2 |-10 1 1 -0 1 1 -0 1 1 -1 0 1 0.
0 -3 2 0 -3 2 0 -3 2 0 0 5 0 0 1 0 0 1

Now to write the standard basis vectors in terms of these vectors, by the discussion at the bottom of page 25 through page 26,
we can row-reduce the augmented matrix
1 0 -1]1 0
[ 1 2 0 1 ] .
0 00

A=

—_ o O

1
-3 2
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This gives

Thus if

then PA = I, so we have

1 0 -1|1 0 O
l 1 2 1|0 10 ‘
0 -3 0 0 1
1 0 -1} 1 0 O
—>[ 0 2 2|-1 10
0 -3 210 01

10 10 5

3 1
——a1+ —=ar+ -a3 = (0, 0, 1)

Chapter 2: Vector Spaces

|

1 0 -1 1 0 O
Slo 1 1 |=1/2 172 0
0 0 5 |-3/2 32 1
1 0 -1 1 0 0
Slo 1 1| =12 12 0
0 0 1 |-3/10 3/10 1/5
1 0 0| 7/10 3/10 1/5
-0 1 0| -1/5 1/5 -1/5].
0 0 1]-3/10 3/10 1/5
7/10  3/10 1/5
pP=| -1/5 1/5 -1/5
-3/10 3/10 1/5
7 3 1
F)a/l + Eaz + 561/3 = (1,0,0)
1 1 1
—5(11 + ga'z - 50’3 = (0, 1’0)
3

Exercise 5: Find three vectors in R? which are linearly dependent, and are such that any two of them are linearly independent.

Solution: Let v; = (1,0,0), v, = (0,1,0) and v3 = (1, 1,0). Then v; + v; — v3 = (0,0, 0) so they are linearly dependent. We
know v, and v, are linearly independent as they are two of the standard basis vectors (see Example 13, page 41). Suppose
avy + bvy = 0. Then (a + b, b,0) = (0,0, 0). The second coordinate implies b = 0 and then the first coordinate in turn implies
a = 0. Thus v; and v are linearly independent. Analogously v, and vz are linearly independent.

Exercise 6: Let V be the vector space of all 2 X 2 matrices over the field F. Prove that V has dimension 4 by exhibiting a

basis for V which has four elements.

Solution: Let

[1 o0 [o 1
Vil = O 0 ’ Vi = 0 0
Jo o Jo o
V21 = 1 0 > Vo = 0 1
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Suppose avy) + bviy + cvy + dvyy = [ 8 8 ] Then
a b| |00
c d| |10 0}
from which it follows immediately that a = b = ¢ = d = 0. Thus vy, v12, V21, V2, are linearly independent.

Now let [ 21 Z, ] be any 2 X 2 matrix. Then [ Ccl Z ] = avyy + bviz + cvay + dvyy. Thus vy, vio, Va1, v22 span the space of

2 X 2 matrices.

Thus vy, vi2, V21, Vo are both linearly independent and they span the space of all 2 x 2 matrices. Thus vy, vi2, Va1, V22
constitue a basis for the space of all 2 X 2 matrices.

Exercise 7: Let V be the vector space of Exercise 6. Let W be the set of matrices of the form
X —x
y Z
a b
-a c |’

(b) Find the dimension of W, W,, W; + W,, and W; N W5.

and let W, be the set of matrices of the form

(a) Prove that W; and W, are subspaces of V.

Solution:

’ /

(@) Let A = [ ; _Zx ] and B = [ ;, _;,C ] be two elements of Wy and let ¢ € F. Then

cA+B=

cx+x —cx—x | _|a -a
cy+y  cz+7Z | |u v

where a = cx+ X', u = cy+y and v = cz + 7. Thus cA + B is in the form of an element of W;. Thus cA + B € W;. By
Theorem 1 (page 35) W, is a subspace.

Now let A :[ B Z ]andB =[ _aa, Z, ]be two elements of W, and let ¢ € F.Then
cA+B= ca+a, cb+b, | xy
—ca—-a cd+d -X z

where x = ca+ad’,y = cb+b" and 7 = cd + d’. Thus cA + B is in the form of an element of W,. Thus cA + B € W,. By
Theorem 1 (page 35) W, is a subspace.

0

L

1 -1 0 0 0
Al:[o 0 ] Az:[l 0]’ Az:[o

0]

(b) Let

Then Al,Az,A3 S W] and

cg —c 0
C]A]+C2A2+C3A3=[ C; C31 ]Z[ 0
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implies ¢; = ¢; = ¢3 = 0. So Ay, Ay, As are linearly independent. Now let A = [ ; _Zx ] be any element of W;. Then

A = xA| + YA, + zA3. Thus Ay, A,, Az span Wy. Thus {A;, A, A3} form a basis for W,. Thus W, has dimension three.

1 0 0 1
Al_[_l O]s A2_|:0 0]’ A2

C]A]+C2A2+C3A3=[_Ccl‘l ii]Z[O 8:|

Let

1]
—
o O
—_ O
e

Then Ay, A»,A3z € W, and

implies ¢; = ¢ = ¢3 = 0. So Ay, Ay, Az are linearly independent. Now let A = [ xx )Z} ] be any element of W,. Then

A = xA| + YA, + zA3. Thus Ay, Ay, Az span W,. Thus {A}, A;, A3} form a basis for W,. Thus W, has dimension three.

Let V be the space of 2 x 2 matrices. We showed in Exercise 6 that the dim(V) = 4. Now W; € W; + W, C V. Thus by

Corollary 1, page 46, 3 < dim(W; + W,) < 4. LetA = _]1 8 . Then A € W, and A ¢ W;. Thus W, + W, is strictly bigger
than Wi. Thus 4 > dim(W; + W,) > dim(W;) = 3. Thus dim(W;, + W,) = 4

a b a -a
Suppose A = ¢ d isin WNW, ThenA € Wy =a=-band A € W) >a = —-c. SoA = —a b . Let
Al = [ _1 0 LAy = [ } Suppose aA;| + bA; = 0. Then

a —-a| [0 0

—-a b |70 0}
which implies a = b = 0. Thus A and A; are linearly independent. Let A = [ _aa b
So A1, Ay span Wy N W,. Thus {A}, Ay} is a basis for W; N W,. Thus dim(W; N W,) = 2

— } € Wi N W,. Then A = aA, + bA,.

Exercise 8: Again let V be the space of 2 X 2 matrices over F. Find a basis {A, Ay, A3, A4} for V such that A? = Aj for each j.

Solution: Let V be the space of all 2 X 2 matrices. Let

10 0 0
welo V]l Y]
1o 0 0
selo ol 3]

a+c c
d b+d

Then A? = A; ¥ i. Now

ClAl +bA2 + CA3 + dA4 =

10 0
10 0
implies ¢ = d = 0 which in turn implies a = b = 0. Thus A}, Ay, A3, A4 are linearly independent. Thus they span a subspace

of A of dimension four. But by Exercise 6, A also has dimension four. Thus by Corollary 1, page 46, the subspace spanned
by Ay, A3, Az, Ay is the entire space. Thus {A, A,, A3, A4} is a basis.

Exercise 9: Let V be a vector space over a subfield F' of the complex numbers. Suppose «, 3, and 7y are linearly independent
vectors in V. Prove that (@ + ), (8 + ), and (y + @) are linearly independent.
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Solution: Suppose a(a + ) + b(B +v) + c(y + @) = 0. Rearranging gives (a + ¢)a + (a + b)B + (b + ¢)y = 0. Since «, B, and y
are linearly independent it follows that a + ¢ = a + b = b + ¢ = 0. This gives a system of equations in a, b, ¢ with matrix

1 1 0
1 0 1
0 1 1
This row-reduces as follows:
1 1 0 1 1 0 1 1 0 1 0 1 1 0 1 1 00
1 0 1}|-]1]0 -1 1{-/01 -1|-101 -1{-]]01 -1]->1010
0 1 1 0o 1 1 01 1 0 0 2 0 0 1 0 0 1

Since this row-reduces to the identity matrix, by Theorem 7, page 13, the only solutionisa = b = ¢ = 0. Thus (¢ +f), (B+7),
and (y + «) are linearly independent.

Exercise 10: Let V be a vector space over the field F. Suppose there are a finite number of vectors a1, ..., @, in V which
span V. Prove that V is finite-dimensional.

Solution: If any «;’s are equal to zero then we can remove them from the set and the remaining «;’s still span V. Thus we can
assume WLOG thata; # 0V i. If @, .. ., @, are linearly independent, then {a/, ..., @,} is a basis and dim(V) = r < co. On the
other hand if a4, ..., @, are linearly dependent, then I ¢y, ...,c, € F, not all zero, such that c;a; + --- + c,a, = 0. Suppose
WLOG that ¢, # 0. Then «, = _i_l,al — C;‘ a,_1. Thus @, is in the subspace spanned by a1, ...,a,_;. Thus ay,...,a,_
spans V. If ay,..., a,_; are linearly independent then {a1,...,a,—1} is a basis and dim(V) = r — 1 < co. If y,...,q,— are
linearly dependent then arguing as before (with possibly re-indexing) we can produce @, . .., @, which span V. Continuing
in this way we must eventually arrive at a linearly independent set, or arrive at a set that consists of a single element, that still
spans V. If we arrive at a single element v, then {v,} is linearly independent since cv; = 0 = ¢ = 0 (see comments after (2-9)
page 31). Thus we must eventually arrive at a finite set that is spans and is linearly independent. Thus we must eventually

arrive at a finite basis, which implies dim(V) < oo.

Exercise 11: Let V be the set of all 2 X 2 matrices A with complex entries which satisfy A;; + Az = 0.

(a) Show that V is a vector space over the field of real/ numbers, with the usual operations of matrix addition and multipli-
cation of a matrix by a scalar.

(b) Find a basis for this vector space.

(c) Let W be the set of all matrices A in V such that Ay; = -Ap (the bar denotes complex conjugation). Prove that W is a
subspace of V and find a basis for W.

Solution: (a) It is clear from inspection of the definition of a vector space (pages 28-29) that a vector space over a field F is
a vector space over every subfield of F, because all properties (e.g. commutativity and associativity) are inherited from the
operations in F. Let M be the vector space of all 2 X 2 matrices over C (M is a vector space, see example 2 page 29). We
will show V is a subspace M as a vector space over C. It will follow from the comment above that V is a vector space over R.
Now V is a subset of M, so using Theorem 1 (page 35) we must show whenever A,B € Vandc € CthencA + B e V. Let

/ 4

A,BeV.WriteA:[x y]andB:[x, y, ].Then
zw 7w

x+w=x"+w =0. 17

cx+x coy+y

cA+B= , ,
cz+7 cw+w

To show cA + B € V we must show (cx + x) + (cw + w”) = 0. Rearranging the left hand side gives c(x + w) + (x’ + w’) which
equals zero by (17).
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(b) We can write the general element of V as

| a+bi e+ fi
| g+hi —a-bi |
Let ) )
|1 0 _ 0
V]— O _1 " V2_ —l )

i

0

o 1] o i

BElo o] MTlo oo
o o] |o

BT o T

Then A = avy +bvy + evs + fvs + gvs + hvg SO vy, V2, V3, V4, Vs, Vg Span V. Suppose avy +bvy +evs + fvs + gvs + hvg = 0. Then

a+bi e+fi | |0 O
10 0

av1+bvz+eV3+fV4+gV5+hv6=[ g+hi —a-bi

impliesa=b=c=d=e=f =g =h=0because a complex number u + vi = 0 & u = v = 0. Thus vy, v2, v3, v4, Vs, Vg are
linearly independent. Thus {vy, ..., vs} is a basis for V as a vector space over R, and dim(V) = 6.

(c)Let A,B € W and ¢ € R. By Theorem 1 (page 35) we must show cA + B € W. Write A = [ x_ Y ] and B =

[ X yr

¥ ] where x,y,x’,y" € C. Then

’ ’
CA+B=[ cx+x_ cy+y :|

—-cy-y —cx—Xx
Since —cy —y’ = —(cy + ¥’), it follows that cA + B € W. Note that we definitely need ¢ € R for this to be true.

It remains to find a basis for W. We can write the general element of W as

a+bi e+ fi
—e+fi —a-bi |

(1 o0 [i o
'Tlo -1 |0 7o -i|

[0 1 (o i
BRIt o] T oo

Then A = av; + bvy + evy + fv4 50 v, V2, 3, V4 span V. Suppose avy + bv, + evs + fvg = 0. Then

Let

a+bi e+ fi
—e+ fi —a-bi

00

avy +bvy + evy + fvg = 0 0

implies a = b = e = f = 0 because a complex number u + vi = 0 & u = v = 0. Thus vy, v2, v3, v4 are linearly independent.
Thus {vy,...,v4} is a basis for V as a vector space over R, and dim(V) = 4.

Exercise 12: Prove that the space of m X n matrices over the field F has dimension mn, by exhibiting a basis for this space.

Solution: Let M be the space of all m X n matrices. Let M;; be the matrix of all zeros except for the i, j-th place which is
aone. We claim {M;; | 1 <i <m,1 < j < n} constitute a basis for M. Let A = (a;;) be an arbitrary marrix in M. Then
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A = 3;;a;;M;;. Thus {M;;} span M. Suppose };; a;;M;; = 0. The left hand side equals the matrix (a;;) and this equals the
zero matrix if and only if every a;; = 0. Thus {M;;} are linearly independent as well. Thus the nm matrices constitute a basis
and M has dimension mn.

Exercise 13: Discuss Exercise 9, when V is a vector space over the field with two elements described in Exercise 5, Section
1.1.

Solution: If F has characteristic two then (@ +8) + (B+y)+ (y + @) = 2a +28+ 2y = 0+ 0+ 0 = 0 since in a field of
characteristic two, 2 = 0. Thus in this case (@ + f3), (8 + ¥) and (y + @) are linearly dependent. However any two of them are
linearly independent. For example suppose a;(a + 8) + ax(8 + y) = 0. The LHS equals a;a + ayy + (a; + a2)B. Since @, 5, y
are linearly independent, this is zero only if a; = 0, a, = 0 and a; + a; = 0. In particular a; = a, = 0,soa + B and 8 + y are
linearly independent.

Exercise 14: Let V be the set of real numbers. Regard V as a vector space over the field of rational numbers, with the usual
operations. Prove that this vector space is not finite-dimensional.

Solution: We know that Q is countable and R is uncountable. Since the set of n-tuples of things from a countable set is
countable, Q" is countable for all n. Now, suppose {ri, ..., r,} is a basis for R over Q. Then every element of R can be written
as ajry + -+ + a,r,. Thus we can map n-tuples of rational numbers onto R by (ay,...,a,) = ajr; +--- + a,r,. Thus the
cardinality of R must be less or equal to Q". But the former is uncountable and the latter is countable, a contradiction. Thus
there can be no such finite basis.

Section 2.4: Coordinates

Exercise 1: Show that the vectors
a; =(1,1,0,0), a»=(0,0,1,1)

a3 =(1,0,0,4), a4 =(0,0,0,2)

form a basis for R*. Find the coordinates of each of the standard basis vectors in the ordered basis {@|, @2, a3, @4}

Solution: Using Theorem 7, page 52, if we calculate the inverse of

N O OO

then the columns of P~!' will give the coefficients to write the standard basis vectors in terms of the a;’s. We do this by
row-reducing the augmented matrix

1 0
1 0
0 1

1

o= O O

0
0
0
1

SO o=
[=Nel o)

0

The left side must reduce to the identity whlie the right side transforms to the inverse of P. Row reduction gives

1 01 01 0 O O
1 00001 O0O0
01 0 0j0 0 1O
01 4 2(0 0 0 1
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(10 1 0|1 00 0)
o0 -t of-1 100
01 0 0/0 01 0
01 4 2|0 00 1]
(10 1 0|1 00 0)
Lot 0/0 0 1 0
00 -1 0/-1 10 0]
01 4 2|0 00 1]
10 1 0/1 0 0 0
o1 0 0f0o 0 1 0
00 -1 0/-1 1 0 0
00 4 2|0 0 -1 1
10101 0 0 0
o1t oo0jo 0 1 0
001 01 -1 0
00 4 2/0 0 -1 1
10000 1 0
_)lo1000010
001 0|1 -1 0
000 2|-4 4 -1 1
1000/0 1 0 0
o1 oofo o 1 0
00101 -1 0 0
000 1|=2 2 =1/2 1/2

Thus {ay, ..., a4} is a basis. Call this basis 8. Thus (1,0,0,0) = a3 — 24, (0,1,0,0) = a; — a3 + 224, (0,0,1,0) = a, — %CM

and (0,0,0,1) = 1ay.
Thus [(1,0,0,0)]5 = (0,0, 1,-2), [(0,1,0,0)]5 = (1,0, -1,2), [(0,0, 1,0)]5 = (0, 1,0, ~1/2) and [(0,0,0, 1)]5 = (0,0,0, 1/2).

Exercise 2: Find the coordinate matrix of the vector (1,0, 1) in the basis of C> consisting of the vectors (2i, 1,0), (2,—1,0),
(0,1 +1i,1—1),in that order.

1
Solution: Using Theorem 7, page 52, the answer is P~!| 0 ] where
1
2i 2 0
P=|1 -1 1+i
0 0 1-i
We find P~! by row-reducing the augmented matrix
2i 2 0 |1 0
1 -1 1+i|{0 1 O
0 0 1-i|0 1

The right side will transform into the P~'. Row reducing:

2i 2 0
1 -1 1+
0 0 1I-i|0 O 1

—
—_ O
o o

——————————
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1 -1 1+i|0 1 O
-2 2 0 1 00
0O 0 1-i|l0 0 1

1 -1 I+i |0 1 O
-0 242 2-2i|1 -2i O
0 0 1-i |0 0 1

1 -1 1+i] 0 1 0
. 1-i —1-i
d 0 1 —1 vy 3 O
0 0 1-i|l0 0 1
r 1—i 1-i 7
1 0 1 T oe 0
-0 1 —i [ ==L 90
10 0 1-i| O 0 1 ]
r 1-i 1-i
1o 1| H o0
. 1-i —1-i
— O 1 —1 x > O
(000 1|0 o ]
r 1-i 1-i —1-i
ooz 7 =
1-i —1-i =1+
d R e
00 1/0 o0
Therefore _
=i =i ol 1 Z1-3i
1 4 2 2 4
—1 _ 1-i —1-i —1+i _ —1+i
P (1) }— T 5 || 0= 7
1+i 1+i
o o |1 Li

Thus (1,0, 1) = =5202i, 1,0) + =12, -1,0) + (0,1 +i,1 - ).
Exercise 3: Let 8 = {a;, a5, a3} be the ordered basis for R? consisting of
ay = (1707 _1)7 ay = (17 17 1)7 a3 = (1707 O)

What are the coordinates of the vector (a, b, ¢) in the ordered basis B?

a
Solution: Using Theorem 7, page 52, the answer is P~ | b ] where
c
1 1 1
P= 1 0
-1 1 0
We find P~! by row-reducing the augmented matrix
1 1 1]1 0 O
0 1 00 1

—_
—_ =
S
S
—_
=
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11 111 0 O
-0 1 0(0 1 0.
0 2 1|1 0 1
1 0 1|1 -1 O
-0 1 0/0 1 O
00 1|1 -2 1
1 0 0|0 1 -1

-0 1 00 1
00 1|1 -2 1

Therefore,

P—]

a 0o 1 -1 a b-c
b|l=10 1 0 b | = b
c 1 -2 1 c a-2b+c

[(a,b,c)lg = (b—c, b, a—2b+ ).

Thus the answer is

Exercise 4: Let W be the subspace of C? spanned by a; = (1, 0, ) and ar, = (1 + 14, 1, —1).
(a) Show that @y and @, form a basis for W.
(b) Show that the vectors 8; = (1, 1, 0) and B, = (1, i, 1 + i) are in W and form another basis for W.
(c) What are the coordinates of @ and a; in the ordered basis {3}, 3>} for W?

Solution: (a) To show @ and a, form a basis of the space they generate we must show they are linearly independent. In other
words that aa; + bay = 0 = a = b = 0. Equivalently we need to show neither is a multiple of the other. If @, = ca; then
from the second coordinate it follows that ¢ = 0 which would imply @, = (0, 0, 0), which it does not. So {a, >} is a basis for
the space they genearate.

(b) Since the first coordinate of both 8, and 3, is one, it’s clear that neither is a multiple of the other. So they generate a two
dimensional subspace of C3. If we show S; and 8 can be written as linear combinations of @; and @, then since the spaces
generated by them both have dimension two, by Corollary 1, page 46, they must be equal. To show ; and 3, can be written
as linear combinations of a; and @, we row-reduce the augmented matrix

1 1+i]|1 1
0 1 1 i
i

-1 |0 1+
1 1+i|1 1
0 1 1 i —
i -1 |0 1+

Thus,81 = —ia; + @y and,Bz = (2 —Day + ia.

Row reduction follows:

S O =
—
L=+
N
-
4
— O
| S —
—

(c) We have to write the §;’s in terms of the «;’s, basically the opposite of what we did in part b. In this case we row-reduce
the augmented matrix

1 1 1 1+ 1 1 I 1+ 1 1 1 14
1 i 0 1 -0 -1+i|-1 - |[->]|0 —-1+i|-1 —i

0 1+i|i -1 0 1+i | i -1 0 0 0 0
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1 1|1 1+i 1 o 3
S0 1S S s 1|
0 0[]0 0 0 0/0 0

Thus @1 = 58, + 1B, and ; = B + 2B, So finally, if B is the basis {81, } then

2
(1] = (E i)

2 72
(aa]g = 3+1 -1+
W\ T )

Exercise 5: Let a = (x1, x2) and 8 = (y1, y2) be vectors in R2 such that
x1y1 + x2y2 = 0, xf +x§ :yf+y§ =1

Prove that B = {«, 8} is a basis for R%. Find the coordinates of the vector (a, b) in the ordered basis B = {a, 8}. (The conditions
on a and S8 say, geometrically, that @ and 8 are perpendicular and each has length 1.)

Solution: It suffices by Corollary 1, page 46, to show « and 8 are linearly indepdenent, because then they generate a subspace
of R? of dimension two, which therefore must be all of R?. The second condition on x, x», ¥1, Y2 implies that neither @ nor 8
are the zero vector. To show two vectors are linearly independent we only need show neither is a non-zero scalar multiple of
the other. Suppose WLOG that 8 = ca for some ¢ € R, and since neither vector is the zero vector, ¢ # 0. Then y; = cx; and
y2 = cxp. Thus the conditions on xj, X3, y1, y» implies

0=x1y1 + 22 =cx%+cx§ =c(xf+x§)=c- l=c
Thus ¢ = 0, a contradiction.

It remains to find the coordinates of the arbitrary vector (a, b) in the ordered basis {a, 8}. To find the coordinates of (a, b) we
can row-reduce the augmented matrix
[ X1 Y1 |a ]
X2 »n|b |

It cannot be that both x; = x; = 0 so assume WLOG that x; # 0. Also it cannot be that both y; = y, = 0. Assume first that
y1 # 0. Since order matters we cannot assume y; # 0 WLOG, so we must consider both cases. Then note that x;y; + x,y, = 0
implies

Xy _ (18)
X1)1
, 2
Thus if x;y, — x,y; = 0 then i‘—? = )‘—2 from which (18) implies (i—?) = —1, a contradiction. Thus we can conclude that

x1y2 — x2y1 # 0. We use this in the following row reduction to be sure we are not dividing by zero.

[ X1 yi|a }_}[ L yi/x1 | a/x ]_}[ L yi/x alx }_[ L yi/x ba/XL ]
_ N _xa | = X1y2—X2y X1—ax
X2 y2 b X2 y2 b 0 y2 X1 Xz] O l2)(1 l ]x1 :
1 0 ayr—by,
. [ L yi/x ba/xl } N Xy
X1 —aX>
0 1 |5=n 0 1| Lu—en
1Y2—X2)1
Now if we substitute y; = —x,y,/x; into the numerator and denominator of x’gi:iﬁ)‘,] and use x? + x3 = 1 it simplifies to
ax; + bx,. Similarly % simplifies to ay; + by,. So we get
1 0| ax;+bx;
0 1]ay+by |
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Now assume y, # 0 (and we continue to assume x; # 0 since we assumed that WLOG). In this case

n__» (19)
2 X1
2
So if x;y, — xy1 = O then Xf;‘ = 1. But then (19) implies ( ]) —1 a contradition. So also in this case we can assume

x1y2 — x2y1 # 0 and so we can do the same row-reduction as before. Thus in all cases
(ax; + bxp)a + (ay, + by2)B = (a,b)

or equivalently
(axy + bxz)(x1, x2) + (ay1 + by2)(y1,¥2) = (a, b).

Exercise 6: Let V be the vector space over the complex numbers of all functions from R into C, i.e., the space of all complex-
valued functions on the real line. Let fi(x) = 1, fo(x) = €, f3(x) = e7™.

(a) Prove that fi, f>, and f3 are linearly independent.

(b) Let g1(x) =1, g2(x) = cos x, g3(x) = sin x. Find an invertible 3 x 3 matrix P such that

3
gji= Zpijfi-
ps

Solution: Suppose a + be'™ + ce™™ = 0 as functions of x € R. In other words a + be™* + ce™™ = 0 for all x € R. Lety = ¢,
Theny # 0 and a + by + f = 0 which implies ay + by? + ¢ = 0. This is at most a quadratic polynomial in y thus can be zero

ix

for at most two values of y. But e/ takes infinitely many different values as x varies in R, so ay + by* + ¢ cannot be zero for
all y = €', so this is a contradiction.

We know that e' = cos(x) + isin(x). Thus e = cos(x) — isin(x). Adding these gives 2cos(x) = eix + e‘”‘. Thus
cos(x) = 2e + e‘”‘. Subtracting instead of adding the equations gives ¢’* — e~** = 2isin(x). Thus sin(x) = - %e"'" or
equivalently sm(x) —ée"x + %e"". Thus the requested matrix is
1 0 0
P=|0 1/2 -i/2
0 1/2 /2

Exercise 7: Let V be the (real) vector space of all polynomial functions from R into R of degree 2 or less, i.e., the space of
all functions f of the form
f(x)=co+cix+ X2

Let ¢ be a fixed real number and define
g =1, g =x+1 gx) =+

Prove that 8 = {g1, g2, g3} is a basis for V. If
f(x)=co+cix+ X

what are the coordinates of f in this ordered basis 8?

Solution: We know V has dimension three (it follows from Example 16, page 43, that {1, x, x*} is a basis). Thus by Corollary
2 (b), page 45, it suffices to show {g1, g2, g3} span V. We need to solve for u, v, w the equation

X +cix+co=u+v(x+1t)+ w(x+t)2.

Rearranging
X+ c1x+co = wxt + W+2wtHx + (u+ vt + wtz).
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It follows that
w=C
v=rcy—2ct
u=cy—cit+ Czl‘2.

Thus {g1, g2, g3} do span V and the coordinates of f(x) = X% + c1x + ¢g are

(¢, ¢1—2ct, co—cit+ Cztz).

Section 2.6: Computations Concerning Subspaces

Exercise 1: Let s < n and A an s X n matrix with entries in the field . Use Theorem 4 (not its proof) to show that there is a
non-zero X in F™! such that AX = 0.

Solution: Let ), @, ..., @, be the colunms of A. Then o; € F*' V i. Thus {ay,...,a,} are n vectors in F*!. But F**!
has dimension s < n thus by Theorem 4, page 44, |, ..., @, cannot be linearly independent. Thus 3 xi,..., x, € F such that
xjay + -+ + x,a, = 0. Thus if
X1
X =
Xn

then AX = xja1 + -+ + x,, = 0.

Exercise 2: Let
a; =(1,1,-2,1), a,=(@,0,4,-1), a3=(-1,2,5,2).

Let
a=(43_5’99_7)’ ﬁ=(3’1’_454)7 ')’:(_1,1,0»1)-

(a) Which of the vectors a, 3,y are in the subspace of R* spanned by the a;?
(b) Which of the vectors a, 3, y are in the subspace of C* spanned by the ;?
(c) Does this suggest a theorem?

Solution:

(a) We use the approach of row-reducing the matrix whose rows are given by the «;:

S O =
—_— O =
— |
- ® o
_ =
—_—

[u—y

)
(e}
S == O
—_
—_
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1 0 -3 0
-0 1 1 1
0O 0 1 -1/13
1 0 0 -3/13
-1 0 1 0 14/13
0O 0 1 -1/13
Letp; = (1,0,0,-3/13), p» = (0, 1,0, 14/13) and p3 = (0,0, 1,—1/13). Thus elements of the subspace spanned by the a; are

of the form byp; + byps + b3p3
= (b1, ba, b3, 5(14by = 3b; = bs)).

e a=(4,-5,9,-7). We have by =4, b, = -5 and b3 = 9. Thus if @ is in the subspace it must be that
1 ?
—(14(-5)-34)-9) = by
13
where by = —7. Indeed the left hand side does equal —7, so « is in the subspace.
e B=(3,1,-4,4). We have b; = 3, b, = 1, b3 = —4. Thus if 8 is in the subspace it must be that
1 b
—(14-33)+4) =by
13
where b, = 4. But the left hand side equals 9/13 # 4 so 8 is not in the subspace.
e y=(-1,1,0,1). We have b, = -1, b, = 1, b3 = 0. Thus if y is in the subspace it must be that
Laa—scn-02n
13 T

where by = 1. But the left hand side equals 17/13 # 1 so v is not in the subspace.

(b) Nowhere in the above did we use the fact that the field was R instead of C. The only equations we had to solve are linear
equations with real coefficients, which have solutions in R if and only if they have solutions in C. Thus the same results hold:
a is in the subspace while 8 and y are not.

(c) This suggests the following theorem: Suppose F is a subfield of the field E and a4, ..., @, are a basis for a subspace of
F",and a € F". Then « is in the subspace of F" generated by a1, ..., , if and only if « is in the subspace of E" generated
by ai, ..., a,.

Exercise 3: Consider the vectors in R* defined by
a; =(-1,0,1,2), a»=(3,4,-2,5), a3=(1,4,0,9).

Find a system of homogeneous linear equations for which the space of solutions is exactly the subspace of R* spanned by the
three given vectors.

Solution: We use the approach of row-reducing the matrix whose rows are given by the «;:

-1 0 1 2
3 4 -2 5 |-

1 4 0 9

1 0 -1 -2 1 0 -1 =2
04 1 11 |-]10 1 1/4 11/4 |.
0 4 1 11 00 O 0

Letp; = (1,0,-1,-2) and p, = (0,1, 1/4,11/4). Then the arbitrary element of the subspace spanned by a; and «a, is of the
form b1p; + byp, for arbitrary by, b, € R. Expanding we get

1 11
bip1 + bypy = (b1, by, —by + sz, -2b, + sz)-
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Thus the equations that must be satisfied for (x,y, z, w) to be in the subspace are

z:—x+4—1ty
w=-2x+ %y

or equivalently
1
-x+3y-2=0
1
{ —2x+ %y -w=0

Exercise 4: In C3 let
a :(1,0,_i), (0%) :(1+l’1 _ia 1)7 a3 :(l’l’l)’

Prove that these vectors form a basis for C3. What are the coordinates of the vector (a, b, ¢) in this basis?

Solution: We use the approach of row-reducing the augmented matrix:

1 0 —ill
1+i 1-i 110
. 1o

1 0 —i 1 00
-0 1-i i -1-i 1 O
0 i i—1 —1 0 1
1 0 —i 1 0 O
-0 1 % —i % 0
0O ¢ i-1|-i 0 1
1 0 —i 1 0 O
|10 1 2] - g
—1+43i 1-i
0 0 =] _1-; =
1 0 —i 1 0 0
-0 1 =S| - I 9
—2+4i —2—i —1-3i
00 1 [== = =%
120 122 3-i

c o -
o - o
- o o
|T
S
|:u\
|
LS}
|

Since the left side transformed into the identity matrix we know that {1, @», @3} form a basis for C3. We used the vectors to
form the rows of the augmented matrix not the columns, so the matrix on the right is (PT)™! from (2-17). But (PT)~! = (P~1)T,

so the coordinate matrix of (a, b, ¢) with respect to the basis 8 = {a, a», @3} are given by

a
[(@,b,0)lg =P )| b

c

1-2i 1-2i —2+4i
Sra+ b+ =
| 12 143i —2-i
=| Fta+=+ b+—5 c
3=i —2-i —1-3i .
?[1 + -5 b+ 5 C

Exercise 5: Give an explicit description of the type (2-25) for the vectors

B = (b1, by, b3, b4, bs)
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in R which are linear combinations of the vectors
alz(17072,],_1)’ QZ:(_]323_45290)

a3 :(2’_195927 1)9 (023 :(2, 1,3,5,2).

Solution: We row-reduce the matrix whose rows are given by the «;’s.

1 0 2 1 -1
-1 2 -4 2 0
2 -1 5 2 1
2 1 3 5 2
1 0 2 1 -17
. 0o 2 -2 3 -1
0 -1 1 0 3
0o 1 -1 3 4
(1. 0 2 1 -1
. 01 -1 3 4
00 0 -3 -9
L0 0 0 3 7
1 0 2 1 —-1]
. o1 -1 3 4
00 O I 3
|0 0 0 3 7
1 0 2 1 -47]
. 01 -1 0 -5
00 0 1 3
|0 0 0 0 -2 |
1 0 2 0 -4
5 01 -1 0 =5
00 0 1 3
|0 0 0 0 1
1 0 2 0O
. 01 -1 00
00 0 10
00 0 01

Letp; =(1,0,2,0,0), 0o = (0,1,-1,0,0), p3 = (0,0,0, 1,0) and ps = (0,0,0,0, 1). Then the general element that is a linear
combination of the @;’s is bjp| + byps + b3p3 + byps = (by, by, 2by — by, b3, by).

Exercise 6: Let V be the real vector space spanned by the rows of the matrix

321 0 9 O
7 -1 -2 -1
4 0 6 1
42 -1 13 0

(o) N SR

(a) Find a basis for V.

(b) Tell which vectors (x1, X2, X3, X4, X5) are elements of V.
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(c) If (x1, x2, x3, X4, X5) is in V what are its coordinates in the basis chosen in part (a)?

Solution: We row-reduce the matrix

321 0 9 O

1 7 -1 -2 -1

2 14 0 6 1

6 42 -1 13 0
T 7 -1 -2 -1
. 00 3 15 3
00 2 10 3
L0 0 5 25 6
rr 7 -1 -2 -1
R 00 1 5 1
00 2 10 3

L0 0 5 25 6
1 7 0 3 0]

. 001 51

0 00 01
L0 0 0 0 1|
1 7 0 3 0]

. 00150

0 0 0 01
L0 0 0 0 O]

(a) A basis for V is given by the non-zero rows of the reduced matrix
p1=(1,7,0,3,0), p»=1(0,0,1,5,0), p3=1(0,0,0,0,1).
(b) Vectors of V are any of the form b1p1 + byps + b3p3
= (b1, 7b1, by, 3by +5by, b3)

for arbitrary by, by, b3 € R.

(c) By the above, the element (xy, x2, X3, X4, X5) in V must be of the form x;p; + x302 + x503. In other words if B = {py, p2, p3}
is the basis for V given in part (a), then the coordinate matrix of (x1, x2, x3, X4, Xs5) iS

X1

[(x1, X2, X3, X4, X5)]8 = | X3
X5

Exercise 7: Let A be an m X n matrix over the field F', and consider the system of equations AX = Y. Prove that this system
of equations has a solution if and only if the row rank of A is equal to the row rank of the augmented matrix of the system.

Solution: To solve the system we row-reduce the augmented matrix [A | Y] resulting in an augmented matrix [R|Z] where R
is in reduced echelon form and Z is an m X 1 matrix. If the last k rows of R are zero rows then the system has a solution if and
only if the last k entries of Z are also zeros. Thus the only non-zero entries in Z are in the non-zero rows of R. These rows
are already linearly independent, and they clearly remain independent regardless of the augmented values. Thus if there are
solutions then the rank of the augmented matrix is the same as the rank of R. Conversely, if there are non-zero entries in Z in
any of the last k rows then the system has no solutions. We want to show that those non-zero rows in the augmented matrix are
linearly independent from the non-zero rows of R, so we can conclude that the rank of R is less than the rank of [R|Z]. Let S
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be the set of rows of [R | Z] that contain all rows where R is non-zero, plus one additional row r where Z is non-zero. Suppose
a linear combination of the elements of § equals zero. Since ¢-r = 0 & r = 0, at least one of the elements of S different from
r must have a non-zero coefficient. Suppose row 7’ € S has non-zero coefficient ¢ in the linear combination. Suppose the
leading one in row 7’ is in position i. Then the i-th coordinate of the linear combination is also ¢, because except for the one
in the i-th position, all other entries in the i-th column of [R|Z] are zero. Thus there can be no non-zero coefficients. Thus
the set S is linearly independent and |S| = |R| + 1. Thus the system has a solution if and only if the rank of R is the same as
the rank of [R|Z]. Now A has the same rank as R and [R | Z] has the same rank as [A | Y] since they differ by elementary row
operations. Thus the system has a solution if and only if the rank of A is the same as the rank of [A|Y].
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Section 3.1: Linear Transformations
Exercise 1: Which of the following functions 7 from R? into R? are linear transformations?
(@ T(x1,x2) = (1 +x1,x2);
() T(x1,x2) = (x2, x1);
(©) T(x1,x2) = (23, x2);
(d) T(x1,x2) = (sinxy, x2);
(©) T(x1,x2) = (x1 — x2,0).

Solution:

(a) T is not a linear transformation because 7(0,0) = (1,0) and according to the comments after Example 5 on page 68 we
know that it must always be that 7°(0, 0) = (0, 0).

(b) T is a linear transformation. Let @ = (x1, x2) and 8 = (y1,y2). Then T(ca+f8) = T((cx1+Yy1,cx2+Y2)) = (cxa+y2, cx1+y1) =
c(x2, x1) + (y2,y1) = cT(@) + T(B).

(c) T is not a linear transformation. If T were a linear transformation then we’d have (1,0) = T((-1,0)) = T(-1 - (1,0)) =
-1-7(1,0)=-1-(1,0) = (-1, 0) which is a contradiction, (1,0) # (-1, 0).

(d) T is not a linear transformation. If T were a linear transformation then (0,0) = T(x,0) = T(2(x/2,0)) = 2T ((x/2,0)) =
2(sin(7r/2),0) = 2(1,0) = (2,0) which is a contradiction, (0,0) # (2,0).

1 8 . Then (identifying R? with R'?) T(x1, x,) = [x; x»]Q so from Example

4, page 68, (with P being the identity matrix), it follows that T is a linear transformation.

(e) T is a linear transformation. Let Q =

Exercise 2: Find the range, rank, null space, and nullity for the zero transformation and the identity transformation on a
finite-dimensional vector space V.

Solution: Suppose V has dimension n. The range of the zero transformation is the zero subspace {0}; the range of the identity
transformation is the whole space V. The rank of the zero transformation is the dimension of the range which is zero; the rank
of the identity transformation is the rank of the whole space V which is n. The null space of the zero transformation is the
whole space V; the null space of the identity transformation is the zero subspace {0}. The nullity of the zero transformation is
the dimension of its null space, which is the whole space, so is #; the nullity of the identity transformation is the dimension
of its null space, which is the zero space, so is 0.

51
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Exercise 3: Describe the range and the null space for the differentiation transformation of Example 2. Do the same for the
integration transformation of Example 5.

Solution: V is the space of polynomals. The range of the differentiiation transformation is all of V since if f(x) =
o+ C1x + -+ + c,x" then f(x) = (Dg)(x) where g(x) = cox + $x* + $x° + -+ + -Zx"1. The null space of the differ-
entiation transformation is the set of constant polynomials since (Dc)(x) = 0 for constants ¢ € F.

The range of the integration transformation is all polynomials with constant term equal to zero. Let f(x) = cjx + cox? + - -+ +
x,c". Then f(x) = (Tg)(x) where g(x) = ¢; +2c2x+3c3x> +- - -+nc,x"~!. Clearly the integral transoformation of a polynomial
has constant term equal to zero, so this is the entire range of the integration transformation. The null space of the integration
transformation is the zero space {0} since the (indefinite) integral of any other polynomial is non-zero.

Exercise 4: Is there a linear transformation 7 from R? into R? such that 7(1,-1, 1) = (1,0) and 7(1, 1, 1) = (0, 1)?

Solution: Yes, there is such a linear transformation. Clearly @; = (1,-1,1) and @, = (1, 1, 1) are linearly independent. By
Corollary 2, page 46, 7 a third vector a3 such that {a], @, @3) is a basis for R3. By Theorem 1, page 69, there is a linear
transformation that takes a, as, @3 to any three vectors we want. Therefore we can find a linear transformation that takes
a; — (1,0), @y — (0,1) and a3 — (0,0). (We could have used any vector instead of (0, 0).)

Exercise 5: If
a; =(1,-1), p1=(1,0)

@ =2, B=(01
a3 =(=3,2), B3=(L1D

is there a linear transformation 7 from R? to R? such that Ta; = §; for i = 1,2 and 3?

Solution: No there is no such transformation. If there was then since {@1, a»} is a basis for R? their images determine 7 com-
pletely. Now a3 = —a —a;y, thus it must be that T'(a3) = T(—a1 —an) = —T(a;)-T(az) = —(1,0)-(0, 1) = (-1,-1) = (1, 1).
Thus no such T can exist.

Exercise 6: Describe explicitly (as in Exercises 1 and 2) the linear transformation T from F? into F? such that Te; = (a, b),
Te, = (c,d).

d
the row-space of A which can have dimension 0, 1, or 2 depending on the row-rank. Explicitly it is all vectors of the form
x(a,b) +y(c,d) = (ax+cy, bx+dy) where x, y are arbitrary elements of F. The rank is the dimension of this row-space, which
isOifa=b=c=d =0andif not all a,b, c,d are zero then by Exercise 1.6.8, page 27, the rank is 2 if ad — bc # 0 and
equals 1 if ad — bc = 0.

Solution: I'm not 100% sure I understand what they want here. Let A be the matrix [ ccl b } Then the range of T is

a c
b d
d =0, and if not all a, b, ¢, d are zero then by Exercise 1.6.8, page 27 and Theorem 13, page 23, is 0 if ad — bc # 0 and is 1 if
ad — bc = 0.

Now let A be the matrix [ ] Then the null space is the solution space of AX = 0. Thus the nullityis2ifa =b =c =

Exercise 7: Let F be a subfield of the complex numbers and let T be the function from F? into F> defined by
T(x1,%2,x3) = (x1 — X2 + 2x3,2x1 + X2, —X1 — 2Xx2 + 2X3).
(a) Verify that T is a linear transformation.

(b) If (a, b, ¢) is a vector in F>, what are the conditions on a, b, and ¢ that the vector be in the range of 7?7 What is the rank
of T?
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(c) What are the conditions on a, b, and c that (a, b, ¢) be in the null space of 7?7 What is the nullity of 7?

Solution: (a) Let

Then T can be represented by

X1 X1
X2 - P X2 1.
X3 X3

By Example 4, page 68, this is a linear transformation, where we’ve identified F* with F>*! and taken Q in Example 4 to be
the identity matrix.

(b) The range of T is the column space of P, or equivalently the row space of

1 2 -1
Pl=| -1 1 2.
2 0 2
‘We row reduce the matrix as follows
1 2 -1
-0 3 =3].
0 -4 4
1 2 -1
-0 1 -1
10 0 O |
1 0 1
-0 1 -1
10 0 0

Letp; = (1,0, 1) and p, = (0, 1, —1). Then elements of the row space are elements of the form b0 + byps = (b1, b2, by — by).
Thus the rank of 7T is two and (a, b, ¢) is in the range of T as long as ¢ = a — b.

Alternatively, we can row reduce the augmented matrix

1 -1 2 a
-0 3 -4 b—-2a
0 0 0O |—-a+b+c

1 -1 2 a
-0 1 —4/3|(b-2a)/4
0 0 0 —-a+b+c
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0 1 —-4/3|(B-2a)/4
00 0 —-a+b+c

from which we arrive at the condition —a + b + ¢ = 0 or equivalently ¢ = a — b.

1 0 2/3|®B+2a)/4
_)|\

a
(c)Wemustfindall X =| b ‘ such that PX = 0 where P is the matrix from part (a). We row reduce the matrix
c
1 -1 2
2 1 0
-1 -2 2
[1 -1 2
-0 3 -4
| 0 -3 4
1 -1 2
- 3 4
0O 0 O
1 -1 2
-1 0 1 -4/3
0 O 0
1 0 2/3
-0 1 -4/3
0 0 0
Therefore
a+ %c =0
b—3c=0

So elements of the null space of T are of the form (—%c, %c, ¢) for arbitrary ¢ € F and the dimension of the null space (the
nullity) equals one.

Exercise 8: Describe explicitly a linear transformation from R? to R* which has as its range the subspace spanned by (1,0, —1)
and (1, 2,2).

Solution: By Theorem 1, page 69, (and its proof) there is a linear transformation 7' from R3 to R3 such that 7(1,0,0) =
(1,0,-1),T(0,1,0) = (1,0,-1) and T(0,0, 1) = (1, 2,2) and the range of T is exactly the subspace generated by

{T(1,0,0),7(0,1,0),7(0,0, 1)} = {(1,0,-1),(1,2,2)}.

Exercise 9: Let V be the vector space of all n X n matrices over the field F, and let B be a fixed n X n matrix. If
T(A)=AB-BA

verify that T is a linear transformation from V into V.

Solution: 7(cA; + Ay) = (cAy + Ay)B— B(cA| + Ay) = cA|B+ AyB — cBA| — BA;

= c(A\B - BA)) + (A2B — BA>) = cT(A1) + T(A»).
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Exercise 10: Let V be the set of all complex numbers regarded as a vector space over the field of real numbers (usual oper-
ations). Find a function from V into V which is a linear transformation on the above vector space, but which is not a linear
transformation on C!, i.e., which is not complex linear.

Solution: Let 7 : V — V be givenby a+bi — a. Letz = a+biandw = a’ +b'iand ¢ € R. Then T(cz +w) =
T((ca+ad)+ (cb+b)i)=ca+a = cT(a+bi)+ T +b'i) = aT(z) + T(w). Thus T is real linear. However, if T were
complex linear then we musthave 0 = T()) = T({-1) =i-T(1) =i-1 =i. But 0 # i so this is a contradiction. Thus T is not
complex linear.

Exercise 11: Let V be the space of n X 1 matrices over F and let W be the space of m X 1 matrices over F. Let A be a fixed
m X n matrix over F and let T be the linear transformation from V into W defined by 7'(X) = AX. Prove that T is the zero
transformation if and only if A is the zero matrix.

Solution: If A is the zero matrix then clearly T is the zero transformation. Conversely, suppose A is not the zero matrix,
suppose the k-th column Ay has a non-zero entry. Then T'(¢;) = Ay # 0.

Exercise 12: Let V be an n-dimensional vector space over the field F' and let T be a linear transformation from V into V such
that the range and null space of T are identical. Prove that n is even. (Can you give an example of such a linear transformation
)

Solution: From Theorem 2, page 71, we know rank(7") + nullity(7') = dim V. In this case we are assuming both terms on the
left hand side are equal, say equal to m. Thus m + m = n or equivalently n = 2m which implies # is even.

The simplest example is V = {0} the zero space. Then trivially the range and null space are equal. To give a less trivial
example assume V = R? and define T by T(1,0) = (0,0) and T'(0, 1) = (1,0). We can do this by Theorem 1, page 69 because
{(1,0), (0, 1)} is a basis for R?. Then clearly the range and null space are both equal to the subspace of R? generated by (1, 0).

Exercise 13: Let V be a vector space and T a linear transformation from V into V. Prove that the following two statements
about T are equivalent.

(a) The intersection of the range of 7' and the null space of T is the zero subspace of V.
(b) f T(Ta) =0, then Ter = 0.

Solution: (a) = (b): Statement (a) says that nothing in the range gets mapped to zero except for 0. In other words if x is in
the range of 7 then Tx = 0 = x = 0. Now T a is in the range of T, thus T(Ta@) =0 = Ta = 0.

(b) = (a): Suppose x is in both the range and null space of T. Since x is in the range, x = T« for some @. But then x in the
null space of T implies 7'(x) = 0 which implies 7(T @) = 0. Thus statement (b) implies Ta = 0 or equivalently x = 0. Thus
the only thing in both the range and null space of T is the zero vector 0.
Section 3.2: The Algebra of Linear Transformations
Page 76: Typo in line 1: It says A;;, ..., A, it should say Ay,...,A,;.
Exercise 1: Let T and U be the linear operators on R? defined by
T(x1,x2) = (x2,x1) and  U(xy,x2) = (x1,0).
(a) How would you describe T and U geometrically?

(b) Give rules like the ones defining 7" and U for each of the transformations (U + T'), UT, TU, T2, U?.
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Solution: (a) Geometrically, in the x—y plane, T is the reflection about the diagonal x = y and U is a projection onto the x-axis.

(b)

(U + T)(x1, x2) = (x2, x1) + (x1,0) = (x1 + x2, x1).

(UT)(x1,x2) = U(xz, x1) = (x2,0).

(TU)(x1,x2) = T(x1,0) = (0, x1).

T?(x1, x2) = T(x2, x1) = (x1, X2), the identity function.

U*(x1, x2) = U(x1,0) = (x1,0). So U? = U.

Exercise 2: Let T be the (unique) linear operator on C? for which
Ter =(1,0,i), Te=(0,1,1), Te =(i,1,0).

Is T invertible?

Solution: By Theorem 9 part (v), top of page 82, T is invertible if {Te|, Te>, Te3} is a basis of C*. Since C* has dimension
three, it suffices (by Corollary 1 page 46) to show T, Te;, T 3 are linearly independent. To do this we row reduce the matrix

|

to row-reduced echelon form. If it reduces to the identity then its rows are independent, otherwise they are dependent. Row
reduction follows:
1 0 i 1 0 i 1 0 i
[ 0 1 1 ] - [ 01 1]|- [ 01 1 ]
i 10 01 1 0 00

This is in row-reduced echelon form not equal to the identity. Thus T is not invertible.

1 0
0 1
i 1

O = o~

Exercise 3: Let T be the linear operator on R? defined by
T(x1, x2, x3) = (3x1, X1 — X2, 2x1 + X2 + X3).

Is T invertible? If so, find a rule for 7~! like the one which defines 7.

Solution: The matrix representation of the transformation is

X1 3 0 0 X1
X2 = 1 —1 O . X2
X3 2 1 1 X3

where we’ve identified R® with R*!. T is invertible if the matrix of the transformation is invertible. To determine this we
row-reduce the matrix - we row-reduce the augmented matrix to determine the inverse for the second part of the Exercise.

30 0|1 0 O
1 -1 0|0 1 O
10 0 1
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0 1 O
1 -3 0
0

-2 1

-1 0] 0 1 O
3 110 =21

1
-0 1 0]1/3 -1 0
0

01 0(1/3 -1 O

1 0 0(1/3 0 O
N
00 1|-1 1 1

Since the left side transformed into the identity, T is invertible. The inverse transformation is given by
X1 1 / 3 0 0 X1
X2 (4 1 / 3 -1 0 {- X2
X3 -1 1 1 X3

T (x1, %2, %3) = (x1/3, x1/3 = X2, —X1 + X2 + X3).

So

Exercise 4: For the linear operator T of Exercise 3, prove that
(T* = IN(T -3I) =0.
Solution: Working with the matrix representation of 7 we must show

A’=DA-3)=0

where
30 0
A=|1 -1 0}
2 1 1
Calculating:
30 0 30 0
A= 1 -1 0”1 -1 0}
2 1 1 2 1 1
9 0 O
=[2 1 0]
9 0 1
Thus
8§ 0 0
A2—I={2 0 ol
9 0 O
Also
0O 0 O
A—31=[1 -4 0 }
2 1 =2
Thus
8 0 0 0O 0 O
(AZ—I)(A—3I):[2 0 0]-[1 -4 0}
9 0 O 2 1 =2
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].

Exercise 5: Let C**? be the complex vector space of 2 X 2 matrices with complex entries. Let
1 -1
SR

and let T be the linear operator on C>*? defined by T(A) = BA. What is the rank of T? Can you describe 72?

Il
——
S O O
S O O
S O O

Solution: An (ordered) basis for C**? is given by

1 0 0 0
An—[o 0], AZI—[l 0]

0 1 00
Alz_[o O:|9 A22_|:0 1:|

If we identify C>? with C* by

b
d

—
S Q

} — (a,b,c,d)
then since
A = A —4Ay
Ay > A +4An
A= Ay —4Ax
Ay > —Ap +4Axn

the matrix of the transformation is given by

1 -4 0 0

-1 4 0 0
0 0 1 -4

0 0O -1 4

To find the rank of 7" we row-reduce this matrix:

1 -4 0 O
R O 0 1 -4

0O 0 0 O

0O 0 0 O

It has rank two so the rank, so the rank of T is 2.

T?(A) = T(T(A)) = T(BA) = B(BA) = B?A. Thus T? is given by multiplication by a matrix just as 7 is, but multiplication
with B? instead of B. Explicitly
1 -1 1 -1
2 _
S

_ 5 =5

1 =20 20 |-
Exercise 6: Let T be a linear transformation from R? into R2, and let U be a linear transformation from R? into R3. Prove
that the transformation UT is not invertible. Generalize the theorem.
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Solution: Let {a],a, @3} be a basis for R*. Then T(a)), T(a»), T (a3) must be linearly dependent in R?, because R? has
dimension 2. So suppose b1 T (a1) + byT(a3) + b3T(a3) = 0 and not all by, by, b3 are zero. Then bya; + bras + bsas # 0 and
UT(bya; + bray + bzas)
= U(T(blaq + bz(lz + b3a/3))
= UMb T(ar) + baT(a2) + b3T(a3)
=U(0) =0.

Thus (by the definition at the bottom of page 79) UT is not non-singular and thus by Theorem 9, page 81, UT is not invertible.

The obvious generalization is thatif n > mand T : R* — R™ and U : R™ — R” are linear transformations, then UT is not
invertible. The proof is an immediate generalization the proof of the special case above, just replace a3 with ..., @,.

Exercise 7: Find two linear operators T and U on R? such that TU = 0 but UT # 0.

|

Solution: Identify R? with R>*! and let T and U be given by the matrices

I 0 0
SRS

i}

let T be given by X — AX and let U be given by X — BX. Thus TU is given by X — ABX and UT is given by X — BAX.
But BA = 0 and AB # 0 so we have the desired example.

O -

More precisely, for

Exercise 8: Let V be a vector space over the field F and T a linear operator on V. If T? = 0, what can you say about the
relation of the range of T to the null space of 7? Give an example of a linear operator 7 on R? such that 72 = 0 but T # 0.

Solution: If 72 = 0 then the range of T must be contained in the null space of T since if y is in the range of T then y = Tx
for some x so Ty = T(Tx) = T?x = 0. Thus y is in the null space of 7.

To give an example of an operator where 72 = 0 but 7 # 0, let V = R>! and let T be given by the matrix

Az[g é]

i}

let T be given by X > AX. Since A # 0, T # 0. Now T? is given by X +— A2X, but A% = 0. Thus 7% = 0.

Specifically, for

Exercise 9: Let T be a linear operator on the finite-dimensional space V. Suppose there is a linear operator U on V such
that TU = I. Prove that T is invertible and U = T~'. Give an example which shows that this is false when V is not finite-
dimensional. (Hint: Let T = D, be the differentiation operator on the space of polynomial functions.)

Solution: By the comments in the Appendix on functions, at the bottom of page 389, we see that simply because TU = [ as
functions, then necessarily 7 is onto and U is one-to-one. It then follows immediately from Theorem 9, page 81, that T is
invertible. Now TT~! = I = TU and multiplying on the left by T~! we get T-'TT~! = T~'TU which implies (DT~ = (I)U
and thus U = T~
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Let V be the space of polynomial functions in one variable over R. Let D be the differentiation operator and let T be the
operator “multiplication by x” (exactly as in Example 11, page 80). As shown in Example 11, UT = I while TU # I. Thus
this example fulfills the requirement.

Exercise 10: Let A be an m x n matrix with entries in F and let T be the linear transformation from F"™! into F"*! defined
by TX = AX. Show that if m < n it may happen that T is onto without being non-singular. Similarly, show that if m > n we
may have T non-singular but not onto.

Solution: Let 8 = {a1,...,a,} be a basis for F"*! and let 8’ = {Bi,...,8.} be a basis for F"™!. We can define a linear
transformation from F™! to F™™! uniquely by specifying where each member of B goes in F"*!. If m < n then we can define
a linear transformation that maps at least one member of B to each member of 8’ and maps at least two members of 5 to the
same member of B’. Any linear transformation so defined must necessarily be onto without being one-to-one. Similarly, if
m > n then we can map each member of 8 to a unique member of B’ with at least one member of B’ not mapped to by any
member of 8. Any such transformation so defined will necessarily be one-to-one but not onto.

Exercise 11: Let V be a finite-dimensional vector space and let T be a linear operator on V. Suppose that rank(7?) = rank(T).
Prove that the range and null space of T are disjoint, i.e., have only the zero vector in common.

Solution: Let {@1,...,a,} be a basis for V. Then the rank of T is the number of linearly independent vectors in the set
{Tay,...,Ta,}. Suppose the rank of T equals k and suppose WLOG that {T'ay, ..., Ta;} is alinearly independent set (it might
be that k = 1, pardon the notation). Then {T' @, ..., Ta;} give a basis for the range of T. It follows that (T?ay,..., Ty} span
the range of T? and since the dimension of the range of T2 is also equal to k, {T?«/, ..., T?>a;} must be a basis for the range
of T?. Now suppose v is in the range of T. Then v = ¢;Ta; + --- + cxTax. Suppose v is also in the null space of 7. Then
0=TW) =T \Tay +-+cTay) =1 T?a; + - - + e, T?ap. But {T?a, ..., T?ay} is a basis, so T?ay, ..., T?ay are linearly
independent, thus it must be that ¢; = --- = ¢, = 0, which implies v = 0. Thus we have shown that if v is in both the range of
T and the null space of T then v = 0, as required.

Exercise 12: Let p,m, and n be positive integers and F' a field. Let V be the space of m X n matrices over F' and W the space
of p X n matrices over F. Let B be a fixed p X m matrix and let T be the linear transformation from V into W defined by
T(A) = BA. Prove that T is invertible if and only if p = m and B is an invertible m X m matrix.

Solution: We showed in Exercise 2.3.12, page 49, that the dimension of V is mn and the dimension of W is pn. By Theorem
9 page (iv) we know that an invertible linear transformation must take a basis to a basis. Thus if there’s an invertible linear
transformation between V and W it must be that both spaces have the same dimension. Thus if T is inverible then pn = mn
which implies p = m. The matrix B is then invertible because the assignment B — BX is one-to-one (Theorem 9 (ii), page
81) and non-invertible matrices have non-trivial solutions to BX = 0 (Theorem 13, page 23). Conversely, if p = n and B is
invertible, then we can define the inverse transformation T~! by 7-'(A) = B~'A and it follows that T is invertible.

Section 3.3: Isomorphism

Exercise 1: Let V be the set of complex numbers and let F' be the field of real numbers. With the usual operations, V is a
vector space over F. Describe explicitly an isomorphism of this space onto R2.

Solution: The natural isomorphism from V to R? is given by a + bi + (a, b). Since i acts like a placeholder for addition in C,
(a+bi)+(c+di)=(a+c)+(b+d)i (a+c,b+d) = (a,b)+ (c,d). And c(a + bi) = ca + cbi — (ca, cb) = c(a, b). Thus this
is a linear transformation. The inverse is clearly (a, b) — a + bi. Thus the two spaces are isomorphic as vector spaces over R.

Exercise 2: Let V be a vector space over the field of complex numbers, and suppose there is an isomorphism T of V into C3.
Let a1, as, a3, a4 be vectors in V such that

Tay =(1,0,i), Tap,=(-2,1+1,0),
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Taz = (-1,1,1), Tay=(V2,i,3).
(a) Is a) in the subspace spanned by a, and a3?

(b) Let W be the subspace spanned by @, and @,, and let W, be the subspace spanned by a3 and a4. What is the intersection
of Wy and W,?

(c) Find a basis for the subspace of V spanned by the four vectors «;.

Solution: (a) Since T is an isomorphism, it suffices to determine whether T« is contained in the subspace spanned by T a,
and Ta3. In other words we need to determine if there is a solution to

-2 -1 . 1
1+i 1 [ ] =( 0 |[.
o 1 |LY i
To do this we row-reduce the augmented matrix

2 —1]1] 1 12| =12 1 1/2| =12
1+i 1|0|=|1+i 1| 0 |=| 0o 1| i

0 1| ] 0 1 i I+i 1 0

[ 1 1/2]-1/2 1 o] =
>0 1| i |->]|0 1| i
0o | H 0

2 2

The zero row on the left of the dividing line has zero also on the right. This means the system has a solution. Therefore we
can conclude that «; is in the subspace generated by a, and 3.

(b) Since Ta; and Ta;, are linearly independent, and Ta3 and Tay are linearly independent, dim(W;) = dim(W,) = 2. We
row-reduce the matrix whose columns are the Ta;:

1 -2 -1 V2
0 1+i 1 i
i 0 1 3

I 0 —i
0 1 X ,
0 0

from which we deduce that Ta;, Ta,, T as, T @4 generate a space of dimension three, thus dim(W; +W,) = 3. Since dim(W;) =
dim(W,) = 2 it follows from Theorem 6, page 46 that dim(W; N W,) = 1. Now AX = 0 & RX = 0 where R is the row reduced
echelon form of A. This follows from the fact that R = PA; multiply both sides of AX = 0 on the left by P. Solving for X in
RX = 0 gives the general solution is of the form (ic, %c, ¢, 0). Letting ¢ = 2 gives

which yields

~

ON|:
- o O

2iTa1 + (l - 1)Ta2 + 2T(Z3 =0

which implies Ta3 = —iTa; +%Ta/2 which implies Ta; € TW,. Thus @3 € W;. Thus a3 € W NW,. Since dim(W,NW,) = 1
it follows that W; N W, = Cas.

(c) We have determined in part (b) that the {a, @3, @3, @4} span a space of dimension three, and that @3 is in the space gener-
ated by a; and @,. Thus {a], as, @4} give a basis for the subspace spanned by {a, @», @3, @4}, which in fact is all of C3.
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Exerciie 3: Let W be the set of all 2 X 2 complex Hermitian matrices, that is, the set of 2 X 2 complex matrices A such that
A;j = Aj; (the bar denoting complex conjugation). As we pointed out in Example 6 of Chapter 2, W is a vector space over the
field of real numbers, under the usual operations. Verify that

t+x y+iz

@®roh =1 ik

is an isomorphism of R* onto W.

Solution: The function is linear since the four components are all linear combinations of the components of the domain
(x,V,2,1). Identify C*? with C* by A + (A1, A2, As1, Ay). Then the matrix of the transformation is given by

0
i

S O =

0 1
1 0
1 =i 0
-1 0 0 1
As usual, the transformation is an isomorphism if the matrix is invertible. We row-reduce to veryify the matrix is invertible.
We will row-reduce the augmented matrix in order to find the inverse explicitly:

1 0 0 1|1 0 O O
0O 1 ¢« 0[O0 1 0 O
0O I -i 0|0 O 1 O
-1 0 0 1{0 O O 1
This reduces to
1 0 0 0|1/2 0 0o -1/2
. 01 0 0| O 1/2 1/2 0
0 01 o 0 —i/2 i2 0
0 0 0 1/(1/2 0 0 1/2

Thus the inverse transformation is

Xy '_)x—w y+z i(z—y) x+w
z w 2 7 27 2 7 2 )

Exercise 4: Show that F"™" is isomorphic to F™".

Solution: Define the bijection o from {(a,b) | a,b e N,1 <a <m,1 <b <n}to{l,2,...,mn}by (a,b) — (a—1)n+b. Define
the function G from F™" to F""" as follows. Let A € F"". Then map A to the mn-tuple that has A;; in the o°(i, j) position. In
other words A — (A11,A12,A13, ..., A1n, A2, A0, Az, ..., Aoy oo ,App). Since addition in F™" and in F™" is performed
compenent-wise, G(A + B) = G(A) + G(B). Similarly since scalar multiplication factors out of vectors component-wise in the
same way in F"™" as in F™, we also have G(cA) = ¢G(A). Thus G is a linear function. G is clearly one-to-one (as well as
clearly onto), and both F"™" and F™ have dimension mn (by Example 17, page 45 and Exercise 2.3.12, page 49), thus (by
Theorem 9, page 81) it follows that G has an inverse and therefore is an isomorphism.

Exercise 5: Let V be the set of complex numbers regarded as a vector space over the field of real numbers (Exercise 1). We
define a function T from V into the space of 2 X 2 real matrices, as follows. If z = x + iy with x and y real numbers, then

T@ = —-10y x-T7y

x+ 7y S5y ]

(a) Verify that T is a one-one (real) linear transformation of V into the space of 2 X 2 matrices.

(b) Verify that T(z1z2) = T(z1)T(22).
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(c) How would you describe the range of 77

Solution:

(a) The four coordinates of T'(z) are written as linear combinations of the coordinates of z (as a vector over R). Thus T is
clearly a linear transformation. To see that T is one-to-one, let z = x + yi and w = a + bi and suppose T(z) = T(w). Then
considering the top right entry of the matrix we see that 5y = 5b which implies b = y. It now follows from the top left entry
of the matrix that x = a. Thus T(z) = T(w) = z = w, thus T is one-to-one.

(b) Letz; = x +yiand 2o = a + bi. Then

T(z122) = T((ax = by) + (ay + bx)i) = [ @ __?)()))(a-;/ﬁ[;)yx;- " (ax - 2Sy_+7igy) + bx) ] '
On the other hand,
T@)T() = x—-'l-()7; X fy7y “_"1'07: a fb7b ]
_ [ (ax — by) +T(ay + bx) S(ay + bx) ]
—10(ay + bx) (ax — by) —T(ay + bx) |’

Thus T(z122) = T(z1)T (z2).

(c) The range of T has (real) dimension equal to two by part (a), and so the range of 7 is isomorphic to C as real vector
spaces. But both spaces also have a natural multiplication and in part (b) we showed that T respects the multiplication. Thus
the range of T is isomorphic to C as fields and we have essentially found an isomorphic copy of the field C in the algebra of
2 x 2 real matrices.

Exercise 6: Let V and W be finite-dimensional vector spaces over the field F. Prove that V and W are isomorphic if and only
if dim(V) = dim(W).

Solution: Suppose dim(V) = dim(W) = n. By Theorem 10, page 84, both V and W are isomorphic to F”, and consequently,
since isomorphism is an equivalence relation, V and W are isomorphic to each other. Conversely, suppose 7T is an isomor-
phism from V to W. Suppose dim(W) = n. Then by Theorem 10 again, there is an isomorphism S : W — F". Thus ST is an
isomorphism from V to F" implying also dim(V) = n.

Exercise 7: Let V and W be vector spaces over the field F and let U be an isomorphism of V onto W. Prove that T — UTU™!
is an isomorphism of L(V, V) onto L(W, W).

Solution: L(V, V) is defined on page 75 as the vector space of linear transformations from V to V, and likewise L(W, W) is the
vector space of linear transformations from W to W.

Call the function f. We know f(T) is linear since it is a composition of three linear tranformations UTU~!. Thus indeed f
is a function from L(V, V) to L(W,W). Now f(aT + T’) = U(aT + T")U™' = (aUT + UT"U™' = aUTU ' + UT'U™' =

af(T) + f(T"). Thus f is linear. We just must show f has an inverse. Let g be the function from L(W, W) to L(V, V) given by
g(T)=U"'"TU. Then gf(T) = U"(UTU YU = T. Similarly fg = I. Thus f and g are inverses. Thus f is an isomorphism.

Section 3.4: Representation of Transformations by Matrices

Page 90: Typo. Four lines from the bottom it says “Example 12” where they probably meant Example 10 (page 78).

Page 91: Just before (3-8) it says By definition”. I think it’s more than just by definition, see bottom of page 88.
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Exercise 1: Let T be the linear operator on C? defined by T(x1, x2) = (x1,0). Let B be the standard ordered basis for C* and
let B = {a, a,} be the ordered basis defined by a; = (1, i), @y = (i, 2).

(a) What is the matrix of T relative to the pair B, B'?

(b) What is the matrix of T relative to the pair 8’, 8?

(¢) What is the matrix of T in the ordered basis 8’?

(d) What is the matrix of T in the ordered basis {a, a;}?

Solution: (a) According to the comments at the bottom of page 87, the i-th column of the matrix is given by [T'¢;]g, where
e = (1,0) and & = (0, 1), the standard basis vectors of C2. Now Te, = (1,0) and Te; = (0, 0). To write these in terms of a
and a, we use the approach of row-reducing the augmented matrix

l—ilO_)l—ilO_)lOZO
i 210 0 0 1]|-i O 0 1|-i 0]

Thus Te; = 2ay —iap and Te; = 0 - @ + 0 - @, and the matrix of T relative to B, 8’ is

2ol

(b) In this case we have to write Ta; and T a» as linear combinations of €, €.

Tal=(1,0)21'61+0'€2

Tar, =(-i,0)=-i-¢+0- 6.

oo

(c) In this case we need to write Ta; and T a, as linear combinations of @; and a,. Ta; = (1,0), Ta, = (—i,0). We row-reduce
the augmented matrix:
1 —-i|1 - 1 —i| 1 =i 1 0
[i 2|0 0}_)[0 1| —i —1]*[0 1

Thus the matrix of 7 in the ordered basis B’ is
2 =2
- -1 |

(d) In this case we need to write Ta, and T«a; as linear combinations of @, and «;. In this case the matrix we need to
row-reduce is just the same as in (c) but with columns switched:

—il—il_)li
2 |0 O 2 1

_)li
0 1

Thus the matrix of 7" in the ordered basis {a»,, @} is

Thus the matrix of 7T relative to B, B is

2 =2
-i -1 |

-1 -
=2i 2 |
Exercise 2: Let T be the linear transformation from R? to R? defined by

T(x1,x2,x3) = (X1 + Xx2,2%3 — X1).
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(a) If B is the standard ordered basisfor R? and $’ is the standard ordered basis for R?, what is the matrix of T relative to
the pair B, 8’7

(b) If B = {ay,as, a3} and B = {B1, 5}, where
a =(1,0,-1), a=(0,1L1), a3=(1,0,0), pB1=(0,1), B =(1,0)
what is the matrix of T relative to the pair 8, 8'?

Solution: With respect to the standard bases, the matrix is simply

1 10
-1 0 2|

(b) We must write Ta;, Ta,, Tas in terms of 81, 55.

Ta; = (1,-3)
Tay = (2,1)
Tas = (1,0).

We row-reduce the augmented matrix
0 1
1 0

Thus the matrix of 7' with respect to B, B’ is

121_}10—310
-3 10 o 1|1 2 1}

Exercise 3: Let T be a linear operator on F”, let A be the matrix of 7 in the standard ordered basis for F”, and let W be the
subspace of F" spanned by the column vectors of A. What does W have to do with 7'?

Solution: Since {«;, ..., ®,} is a basis of F", we know {T€y, ..., T¢,} generate the range of 7. But T'¢; equals the i-th column
vector of A. Thus the column vectors of A generate the range of T (where we identify F" with F"*!). We can also conclude

that a subset of the columns of A give a basis for the range of 7.

Exercise 4: Let V be a two-dimensional vector space over the field F, and let B be an ordered basis for V. If T is a linear
operator on V and

prove that T2 — (a + d)T + (ad — bc)l = 0.

Solution: The coordinate matrix of T2 — (a + d)T + (ad — bc)I with respect to B is

2
[T = (a + d)T + (ad — be)l)g = [‘C‘ H —(a+d)

Expanding gives
a*+ad ab+bd
ac+cd ad+ d*

a?+bc ab+bd
ac+cd be+ d?

ad — bc 0
0 ad — be

0 0

00}.
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Thus T2 — (a + d)T + (ad — be)l is represented by the zero matrix with respect to 8. Thus T? — (a + d)T + (ad — be)l = 0.

Exercise 5: Let T be the linear operator on R3, the matrix of which in the standard ordered basis is

1 2 1
0 1 1].
-1 3 4

Find a basis for the range of 7" and a basis for the null space of T

Solution: The range is the column-space, which is the row-space of the following matrix (the transpose):

1 0 -1
2 1 3
11 4

which we can easily determine a basis of by putting it in row-reduced echelon form.

1 0 -1 1 0 -1 1 0 -1
21 3 |-{01 5 |-|101 5
1 1 4 01 5 0 0 O
So a basis of the range is {(1,0,—1), (0, 1,5)}.
The null space can be found by row-reducing the matrix
1 21 1 2 1 1 0 -1
0 I 1|-(0 1 1|-]01 1
-1 3 4 05 5 00 O

So

which implies

X=2Z
y=-z

The solutions are parameterized by the one variable z, thus the null space has dimension equal to one. A basis is obtained by
setting z = 1. Thus {(1, —1, 1)} is a basis for the null space.

Exercise 6: Let T be the linear operator on R? defined by
T (x1,x2) = (=x2, x1).
(a) What is the matrix of T in the standard ordered basis for R??
(b) What is the matrix of T in the ordered basis B = {a, a,}, where a; = (1,2) and ap = (1,-1)?
(c) Prove that for every real number ¢ the operator (T — cI) is invertible.
(d) Prove that if B is any ordered basis for R? and [T]g = A, then A4, # 0.

Solution: (a) We must write Te; = (0, 1) and Te, = (—1,0) in terms of €, and ¢,. Clearly Te; = e; and Te; = —¢;. Thus the

matrix is
0 -1
1 0 |
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(b) We must write Ta; = (-2,1) and Ta, = (1, 1) in terms of @, @;. We can do this by row-reducing the augmented matrix

1 1 ]-2 1

2 11 1

1 1 ]-2 1
“lo 3|5 -1

1 1] =2 1
1o 1]-53 1/3

1 0|=1/3 2/3
_’[o 1| -5/3 1/3}

Thus the matrix of 7 in the ordered basis B is

[ -13 23
[T]B‘[—5/3 1/3}'

(c) The matrix of T — ¢l with respect to the standard basis is

Row-reducing the matrix
- -1 . 1 —c . 1 —c
1 —c - -1 0 —-1-¢% |
Now —1 — ¢? # 0 (since ¢? > 0). Thus we can continue row-reducing by dividing the second row by —1 — ¢? to get
. 1 —c 5 1 0
0 1 0o 1|
Thus the matrix has rank two, thus 7 is invertible.

(d) Let {ay, a»} be any basis. Write a; = (a,b), a = (¢,d). Then Ta; = (=b,a), Tar = (—d, c). We need to write Ta; and
Tas in terms of @ and a,. We can do this by row reducing the augmented matrix

a c|-b -d
b d| a c |
Since {a;, @»} is a basis, the matrix a b is invertible. Thus (recalling Exercise 1.6.8, page 27), ad — bc # 0. Thus the
c d g pag
matrix row-reduces to
l 1 0 actbd  2+d> }
ad—bc ad—bc
242 c+bd
0 1 Zdtbc Zdtbc

Assuming a # 0O this can be shown as follows:

b d

1 c/a|-bla -d]a
- a c ’
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68
1 c¢/a | =bja —d]a
- 0 ad—bc a*+b? ac+bd .
a a a
[ 1 c/al| -bja -dja ]
a’+b’ ac+bd
0 1 ad-bc  ad-bc
actbd  2+d”
_)I: 10 ad—bc ad—bc :|
a®+b*>  ac+bd
0 1 ad—bc ad—bc

If b # 0 then a similar computation results in the same thing. Thus

ad—bc ad—bc
a’+b’ ac+bd
ad—bc ad—bc

ac+bd A+d?
[T]s =

Now ad — bc # 0 implies that at least one of a or b is non-zero and at least one of ¢ or d is non-zero, it follows that A+b:>0
and ¢? + d* > 0. Thus (@® + b*)(c? + d?) # 0. Thus
a+b A+d?

ad—bc-ad—bcio

Exercise 7: Let T be the linear operator on R? defined by

T(xl,xz,x3) = (3)6] + X3, =2x1 + X2, —Xx1 +2x2 + 4X3).

(a) What is the matrix of T in the standard ordered basis for R?.

(b) What is the matrix of T in the ordered basis
(a1, @2, @3)

where a1 = (1,0,1), ap = (-1,2,1),and a3 = (2,1, 1)?
(c) Prove that T is invertible and give a rule for T~! like the one which defines 7.

Solution: (a) As usual we can read the matrix in the standard basis right off the definition of 7"

3 0 1
[T]{El,62,€3] =l -2 10
-1 2 4

®) Tay = 4,-2,3), Ta, = (-2,4,9) and Tas = (7,-3,4). We must write these in terms of a1, @y, @3. We do this by

row-reducing the augmented matrix
1 -1 2|14 -2 7
[O 2 1|-2 4 —3]
1 1 1

39 4

- 2 1 |-2 4 -3
0 2|1 7 0
1 -1 2] 4 =2 7
Slo 1 12| -1 2 =312
0 0 1 |-1/2 =7/2 0
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1 0 5/2| 3 0 11/2
-0 1 1/2| -1 2 =32
00 1 |-1/2 =7/2 0

1 0 0|17/4 35/4 11)2
10 1 0|-3/4 154 -3)2
00 1|-1/2 =7/2 0

Thus the matrix of T in the basis {a, a3, a3} is

17/4 35/4 11/2}

(Tl aney = | —3/4 15/4  =3/2
-1/2 -17/2 0

(c) We row reduce the augmented matrix (of 7 in the standard basis). If we achieve the identity matrix on the left of the
dividing line then T is invertible and the matrix on the right will represent T~! in the standard basis, from which we will be
able read the rule for 7~! by inspection.

30 1]1 0 0
-2 1 0/0 1 0
-1 2 4(0 0 1
-1 2 4|0 0 1
S0 3 0 11 0 0
-2 1 0/0 1 0
1 -2 —4]0 0 -1
S>3 0 1]1 0 0
2 1 0]0 1 0
1 -2 -4]0 0 -1
Sl0 6 13|10 3
0 -3 -8[/0 1 -2 |
(1 -2 —4]0 0 -1]
S0 0 =31 2 -1
0 3 8]0 1 -2 |
1 -2 —4]0 0 -1]
S0 =3 =80 1 -2
0 0 -3[1 2 -1 |
1 =2 4]0 o0 -1
S|0 1 83|0 -1/3 2/3
0 0 =3|1 2 -l
1 0 430 —2/3 1/3
|0 1 83|0 -1/3 2/3
00 -3|1 2 -1
1 0 43| 0 -2/3 1/3
S|0 1 83| 0 ~-1/3 2/3
00 1 |-1/3 =2/3 1/3
1 0 0| 49 2/9 -1/9
{0 1 0|89 13/9 -2/9
0 0 1[-1/3 —2/3 1/3
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Thus 7 is invertible and the matrix for 7~! in the standard basis is

4/9 2/9 -1/9
8/9 13/9 -2/9 |.
-1/3 -2/3 1/3

-1 _ (4 2 1 8 13 2 1 2 1
Thus T~ (x1, xp, x3) = (5x1 + 5% §5X3, X1+ gx—§x3, —3X — 50+ 3)63).

Exercise 8: Let 0 be a real number. Prove that the following two matrices are similar over the field of complex numbers:
cosf —sin6 el 0
sinf cosd |’ 0 e

(Hint: Let T be the linear operator on C> which is represented by the first matrix in the standard ordered basis. Then find
vectors @ and @, such that Ta; = ey, Ta, = e ?as, and {a), a3} is a basis.)

Solution: Let B be the standard basis. Following the hint, let T be the linear operator on C2 which is represented by the first
matrix in the standard ordered basis B. Thus [T]g is the first matrix above. Let a; = (i, 1), @, = (i,—1). Then @y, a; are
clealry linearly independent so 8’ = {a@, a,} is a basis for C? (as a vector space over C). Since ¢ = cos 6 + isin 6, it follows
that Ta; = (icos#—siné, isinf+cosé) = (cosf+isind)(i, 1) = e?a; and similarly since and e™ = cos 8 —isin 6, it follows
that Ta, = e “a,. Thus the matrix of 7' with respect to B’ is

0
[Tls = [ < }

By Theorem 14, page 92, [T]g and [T]g are similar.

Exercise 9: Let V be a finite-dimensional vector space over the field F and let S and T be linear operators on V. We ask:
When do there exist ordered bases 8 and B’ for V such that [S]g = [T]g ? Prove that such bases exist if and only if there is
an invertible linear operator U on V such that T = USU~!. (Outline of proof: If [S1s = [Tz, let U be the operator which
carries B onto B’ and show that § = UTU™L. Conversely, if T = USU -1 for some invertible U, let B be any ordered basis
for V and let B’ be its image under U. Then show that [S]g = [T]s.)

Solution: We follow the hint. Suppose there exist bases 8 = {ay,...,a,} and B = {B,...,B,} such that [S]g = [T]s. Let
U be the operator which carries 8 onto 8. Then by Theorem 14, page 92, [USU™']g = [U]5'[USU~']5[U]g and by the
comments at the very bottom of page 90, this equals [U]%I[U 18[S 1g[U ];[U];g which equals [S]g, which we’ve assumed
equals [T']g . Thus [US Ug =[T]g. Thus USU™' =T.

Conversely, assume T = US U~ for some invertible U. Let B be any ordered basis for V and let 8 be its image under U.
Then [T]g = [USU g = [Ulg [S]g/[U];;,l, which by Theorem 14, page 92, equals [S g (because U~! carries B into B).
Thus [T]g = [S]s.

Exercise 10: We have seen that the linear operator T on R? defined by T'(x,x;) = (x1,0) is represented in the standard
ordered basis by the matrix
1 0
A= [ b }

This operator satisfies T2 = T. Prove that if S is a linear operator on RZ such that S2 = S, then S =0, or S = I, or there is an
ordered basis B for R? such that [S]g = A (above).

Solution: Suppose S? = S. Let €, & be the standard basis vectors for R?. Consider {S €[, S ).

If both S¢; = Se = 0then S = 0. Thus suppose WLOG that S¢; # 0.
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First note that if x € S (R?) then x = S (y) for some y € R? and therefore S (x) = S(S(y)) = S%(y) = S(y) = x. In other words
S(x)=xV xeSRY.

Case 1: Suppose 3 ¢ € R such that Se; = ¢Se;. Then S(e; — ce;) = 0. In this case S is singular because it maps a
non-zero vector to zero. Thus since Se; # 0 we can conclude that dim(S(R?)) = 1. Let a; be a basis for S(R?). Let
@, € R? be such that {ay, @} is a basis for R%. Then Sa, = ke for some k € R. Let @) = a, — kay. Then {a,a}}
span R? because if x = aa; + bay then x = (a + bk)a; + ba’z. Thus {al,a’z} is a basis for R2. We now determine the
matrix of § with respect to this basis. Since a; € S(R? and S(x) = x V¥V x € S(R?), it follows that Sa; = a;. And
consequently S(a;) = 1-a; + 0 - ). Thus the first column of the matrix of § with respect to ay, @} is [1,0]T. Also
Saj = S(as —kay) = Saz —kSay = Say —kay = kay —kay =0 =0-a; +0- ). So the second column of the matrix is
[0,0]T. Thus the matrix of S with respect to the basis {a1, @} is exactly A.

Case 2: There does not exist ¢ € R such that Se, = ¢S¢;. In this case S € and S e are linearly independent from each other.
Thus if we let @; = S€ then {@|, )} is a basis for RZ. Now by assumption S (x) = xV x € S(R?), thus Sa; = a; and Sa, = as.
Thus the matrix of S with respect to the basis {a|, @} is exactly the identity matrix /.

Exercise 11: Let W be the space of all n X 1 column matrices over a field F. If A is an n X n matrix over F, then A defines a
linear operator L4 on W through left multiplication: L4(X) = AX. Prove that every linear operator on W is left multiplication
by some n X n matrix, i.e., is Ly for some A.

Now suppose V is an n-dimensional vector space over the field F, and let 8 be an ordered basis for V. For each « in
V, define Ua = [a]g. Prove that U is an isomorphism of V onto W. If T is a linear operator on V, then UTU -1 is a linear
operator on W. Accordingly, UTU! is left multiplication by some 7 X n matrix A. What is A?

Solution: Part 1: I'm confused by the first half of this question because isn’t this exactly Theorem 11, page 87 in the special
case V = W where B = B is the standard basis of F"*!. This special case is discussed on page 88 after Theorem 12, and in
particular in Example 13. I don’t know what we’re supposed to add to that.

Part 2: Since U(ca + ap) = [ca; + azlg = clai]s + [az]lg = cU(ay) + U(ay), U is linear, we just must show it is invertible.
Suppose B = {ay,...,a,}. Let T be the function from W to V defined as follows:

ai
a
= ayay + - aay.

An

Then T is well defined and linear and it is also clear by inspection that T U is the identity transformation on V and UT is the
identity transformation on W. Thus U is an isomorphism from V to W.

It remains to deterine the matrix of UTU~'. Now Ua; is the standard n x 1 matrix with all zeros except in the i-th place which
equals one. Let B’ be the standard basis for W. Then the matrix of U with respect to B and 8’ is the identity matrix. Likewise
the matrix of U~! with respect to B’ and B is the identity matrix. Thus [UTU ']g = I[T]gl~' = [T]g. Therefore the matrix
A is simply [T]g, the matrix of T with respect to 8.

Problem 12: Let V be an n-dimensional vector space over the field F, and let B = {«ay, ..., @,} be an ordered basis for V.

(a) According to Theorem 1, there is a unique linear operator 7 on V such that
T(ZJ':CL’jJrl, j=1,...,}’l—1, Ta,l=0.
What is the matrix A of T in the ordered basis 8.?

(b) Prove that 7" = 0 but 7! # 0.
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(c) Let S be any linear operator on V such that $” = 0 but S"~! # 0. Prove that there is an ordered basis 8’ for V such that
the matrix of S in the ordered basis 8’ is the matrix A of part (a).

(d) Prove that if M and N are nx n matrices over F such that M" = N" = 0 but M"~' # 0 # N"~', then M and N are similar.

Solution: (a) The i-th column of A is given by the coefficients obtained by writing «; in terms of {ay,...,®,}. Since Ta; =
@iy1, 1 < nand Ta, = 0, the matrix is therefore

[0 0 0 0O 0 0
1 000 0 0
0100 0 0

A=10 0 1 0 0 0
(0000 - 1 0]

(b) A has all zeros except 1’s along the diagonal one below the main diagonal. Thus A has all zeros except 1’s along the
diagonal that is two diagonals below the main diagonal, as follows:

[0 0 0 0 00
0000 00
100 0 00
A2-|0 100 00
0010 00
(00000 -~ 00|

Similarly A® has all zeros except the diagonal three below the main diagonal. Continuing we see that A”~! is the matrix that
is all zeros except for the bottom left entry which is a 1:

(0 0 0 0 0 0
0000 0 0
o000 0 0
A" =10 0 0 0 0 0
|1 000 - 0 0]

Multiplying by A one more time then yields the zero matrix, A" = 0. Since A represents 7 with respect to the basis B, and A’
represents 7", we see that 7"~ # 0 and 7" = 0.

(c) We will first show that dim(S*(V)) = n — k. Suppose dim(S(V)) = n. Then dim(S*(V)) = n ¥V k = 1,2,..., which
contradicts the fact that S” = 0. Thus it must be that dim(S (V)) < n — 1. Now dim(S 2(V)) cannot be greater than dim(S (V))
because a linear transformation cannot map a space onto one with higher dimension. Thus dim(S2(V)) < n — 1. Suppose that
dim(S2(V)) = n—-1. Thus n — 1 = dim(S%(V)) < dim(S(V)) < n — 1. Thus it must be that dim(S(V)) = n — 1. Thus S is
an isomorphism on S (V) because S (V) and S (S (V)) have the same dimension. It follows that § k is also an isomorphism on
S(V)Y k > 2. Thus it follows that dim(S¥(V)) = n— 1 forall k = 2, 3,4, ..., another contradiction. Thus dim(S%(V)) < n - 2.
Suppose that dim(S 3(V)) = n — 2, then it must be that dim(S%(V)) = n — 2 and therefore S is an isomorphism on § 2(V), from
which it follows that dim(S*(V)) = n—2 forall k = 3,4, ..., a contradiction. Thus dim(S3(V)) < n—3. Continuing in this way
we see that dim(S*(V)) < n — k. Thus dim(S"!(V)) < 1. Since we are assuming S"~! # 0 it follows that dim(S"~!(V)) = 1.
We have seen that dim(S*(V)) cannot equal dim(S**!(V)) for k = 1,2,...,n — 1, thus it follows that the dimension must go
down by one for each application of S. In other words dim(S "=2(V)) must equal 2, and then in turn dim(S "=3(V)) must equal
3, and generally dim(S vy =n—-k.
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Now let @ be any basis vector for S”~! (V) which we have shown has dimension one. Now S"2(V) has dimension two and
S takes this space onto a space S"~!(V) of dimension one. Thus there must be a;; € S"2(V) \ " (V) such that S (a,) = a;.
Since «; is not in the space generated by @ and {1, @,} are in the space S "=2(V) of dimension two, it follows that {a, a»}
is a basis for $"72(V). Now §"~3(V) has dimension three and S takes this space onto a space S"2(V) of dimension two.
Thus there must be @3 € S"3(V) \ S" (V) such that S(@3) = a@,. Since a3 is not in the space generated by a; and a;
and {a1, @, a3} are in the space S"3(V) of dimension three, it follows that {o;, @y, a3} is a basis for §"3(V). Continuing

in this way we produce a sequence of elements {a, @y, ..., @} that is a basis for S" (V) and such that S (;) = a,_; for all
i=2,3,...,k In particular we have a basis {a;,a»,...,a,} for V and such that S (@;) = @, foralli = 2,3,...,n. Reverse
the ordering of this bases to give B = {@,, @,—1, . .., @1}. Then B therefore is the required basis for which the matrix of § with

respect to this basis will be the matrix given in part (a).

(d) Suppose S is the transformation of F"¥! given by v + Mv and similarly let T be the transformation v +~ Nv. Then
S§"=T"=0and §"! # 0 # T"'. Then we know from the previous parts of this problem that there is a basis B for which
S is represented by the matrix from part (a). By Theorem 14, page 92, it follows that M is similar to the matrix in part (a).
Likewise there’s a basis 8’ for which T is represented by the matrix from part (a) and thus the matrix N is also similar to the
matrix in part (a). Since similarity is an equivalence relation (see last paragraph page 94), it follows that since M and N are
similar to the same matrix that they must be similar to each other.

Exercise 13: Let V and W be finite-dimensional vector spaces over the field F and let 7 be a linear transformation from V
into W. If
B=|ay,...,a,} and B ={By,...,B}

are ordered bases for V and W, respectively, define the linear transformations E7 as in the proof of Theorem 5: EP9(a;) =
0igBp- Thenthe E9, 1 < p <m, 1 < q < n, form a basis for L(V, W), and so

m n
T=2"> ApEr

p=1 g=1

for certain scalars A, (the coordinates of T in this basis for L(V, W)). Show that the matrix A with entries A(p,q) = A, is
precisely the matrix of T relative to the pair B, B'.

Solution: Let E{\’,iq be the matrix of the linear transformation E”¢ with respect to the bases 8 and 8’. Then by the formula for
a matrix associated to a linear transformation as given in the proof of Theorem 11, page 87, Ef,iq is the matrix all of whose
entries are zero except for the p, g-the entry which is one. Thus A = Y, A, E}:?. Since the association between linear
transformations and matrices is an isomorphism, T+ A implies 3, A, EP? — 3, ApgEr. And thus A is exactly the
matrix whose entries are the A, ’s.

Section 3.5: Linear Functionals
Page 100: Typo line 5 from the top. It says f(a;) = «;, should be f(a;) = a;.

Page 100: In Example 22, it says the matrix

1 1 1
nh b B3
2 2 2
nn 5

is invertible “as a short computation shows.” The way to see this is with what we know so far is to row reduce the matrix. As

long as t; # t, we can get to
0 h—t3
h—h
B-n
1 -1
B-t)(t3-1)
0 o-12

(=
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Now we can continue and obtain

h—13
10 == [?

13-t
0 1 =
0 0 1

as long as (t3 — t1)(t3 — 1) # 0. From there we can finish row-reducing to obtain the identity. Thus we can row-reduce the
matrix to the identity if and only if #, 1, #3 are distinct, that is no two of them are equal.

Exercise 1: In R3 let ¢; = (1,0, 1), @2 = (0,1, -2), a3 = (-1, -1,0).
(a) If fis a linear functional on R? such that
flan =1, flax)=-1, fla3)=3,
and if @ = (a, b, ¢), find f(@).
(b) Describe explicitly a linear functional f on R? such that
fla) = f(az) =0 but  f(asz) # 0.
(c) Let f be any linear functional such that
fla) = fla2) =0 and  f(a3) # 0.

If a = (2,3,-1), show that f(a) # 0.

Solution: (a) We need to write (a, b, ¢) in terms of @, @, 3. We can do this by row reducing the following augmented matrix
whose colums are the @;’s.

1 0 -1|a
0 1 -11b
1 -2 0 |c¢
1 -1 a
-0 1 -1 b
0 -2 —-1|c—-a
[ 1 0 -1 a
-0 1 -1 b
|0 0 -1|c—a+2b |
[ 1 0 -1 a
-0 1 -1 b
|0 0 I |a-2b-c |
[ 1 0 0|2a-2b—c ]
-0 1 0| a-b-c
|0 0 1| a-2b-c |

Thus if (a,b,c) = xja; + X2 + x3a3 then x; = 2a-2b—-c¢, x, =a—-b—-cand x3 = a—-2b—c. Now f(a,b,c) =
fiay + v + x3a3) = x1f(a)) + xof(@) + x3f(az) = Qa-2b—-c¢)- 1l +@-b-¢c)-(-)+(@-2b-¢)-3
2a-2b—-c)—(a—-b—-c)+Ba—-6b—-3c)=4a—-"Th—3c. In summary

fla)=4a-"Tb - 3c.

(b) Let f(x,y,2) = x =2y —z. The f(1,0,1) =0, f(0,1,-2) =0, and f(-1,-1,0) = 1.
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(c) Using part (a) we know that @ = (2,3, —1) = —a; — 3a3 (plugina = 2, b = 3, ¢ = —1 for the formulas for x{, x,, x3). Thus
fla) = —f(a1) = 3f(a3) = 0—3f(a3) and since f(a3) # 0, =3 f(a3) # 0 and thus f(a) # 0.

Exercise 2: Let B = {a], @y, 3} be the basis for C* defined by
a =(1505_1)7 (0%) =(1, 1, 1)7 a3 :(2’2’0)'
Find the dual basis of 8.

Solution: The dual basis { f1, f>, f3} are given by fi(xy, x2, x3) = Z;Zl A;jxjwhere (A1 1,A12,A3) is the solution to the system

[1 0 —-1]1]
1 1 10|,
2 0|0 ]
(A2,.1,A22,A73) is the solution to the system
1 =110
1 1 1|1},
010 |
and (As1,As2,As3) is the solution to the system
1 -110
1 1 10|,
01|
We row reduce the generic matrix
1 0 -1]a 1 0 0fa+b-1c
1 1 1 |b|—=|101 0| c-b-a
2.2 0 |c 00 1| b-ic

0,c=0= fi(x1,x2,X%3) = X1 — X2
Lc=0= fo(x1,x2,X%3) = X1 — X2 + X3

1 1
0,c=1= f3(x1,X2,x3) = —=5X1 + X2 — 5X3.

1,b
0,0
0,0

El

Q Q
1l

Then {fi, f>, f3} is the dual basis to {a1, as, a3}.

Exercise 3: If A and B are n X n matrices over the field F, show that trace(AB) = trace(BA). Now show that similar matrices
have the same trace.

Solution: (AB),J = ZZ:] AikBkj and (BA)U = ZZ:l BikAkj- Thus

n

trace(AB) = zn:(AB),»,- = Z zn:A,-kBki = Z Z BuAy = Z Z BuAy = zn:(BA)kk = trace(BA).
i=1 i=1 k=1

i=1 k=1 i=1 k=1 k=1 i

Suppose A and B are similar. Then 3 an invertible n X n matrix P such that A = PBP~'. Thus trace(A) = trace(PBP™!) =
trace((P)(BP™")) = trace((BP~")(P)) = trace(B).

Exercise 4: Let V be the vector space of all polynomial functions p from R into R which have degree 2 or less:

p(x)=co+cix+ czxz.

Define three linear functionals on V by

1
filp) = fo pdx,  fo(x) = fo

2

3
pxdx, f3(x) = \fo‘ p(x)dx.
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Show that {fi, f>, f3} is a basis for V* by exhibiting the basis for V of which it is the dual.

Solution: .
f co+crx+ szzdx
0
= cox + %clxz + %czf 5
= coa + lclaz + 16‘2613.
2 3
Thus

! 1 1
| p(x)dx =c + ECI + 56‘2

2
8
f p(xX)dx =2c; + 2c¢; + 362
0

3
9
f p(x)dx =3¢ + =c1 +9¢;
0 2

Thus we need to solve the following system three times

2c1 + 2c1 + %CQ =V

C1+%Cl+%6‘2=u
9 —
3¢y + 3¢ +9c, =w

Once when (i, v, w) = (1,0, 0), once when (i, v, w) = (0, 1, 0) and once when (u, v, w) = (0,0, 1)

We therefore row reduce the following matrix

1 0 =2/3| 2 -1/2 0
H[o 1 2 |-2 1 0\
00 2 |3 -3 1
1 0 =2/3] 2 -1/2 0
_>[o 1 2 | =2 1 o0
00 /

1 3/2 =3/2 12‘

1 0 0 3 -=-3/2 1/3
-0 1 0f|-5 4 -1
0 0 1(|3/2 =-3/2 1/2
Thus 3
a; =3-5x+ zxz
3 3
a = —§+4x—§x2
1 1
@ == —x+ =x°.



Section 3.4: Representation of Transformations by Matrices 77

Exercise 5: If A and B are n X n complex matrices, show that AB — BA = I is impossible.

Solution: Recall for n X n matrices M, trace(M) = }.7, M;;. The trace is clearly additive trace(M; + M,) = trace(M,) +
trace(M;). We know from Exercise 3 that trace(AB) = trace(BA). Thus trace(AB — BA) = trace(AB) — trace(BA) =
trace(AB) — trace(AB) = 0. But trace(/) =nand n # 0 in C.

Exercise 6: Let m and n be positive integers and F a field. Let fi,..., f,, be linear functionals on F". For @ in F" define

I'(a) = (fil@), ..., fu(@)).

Show that T is a linear transformation from F” into F™. Then show that every linear transformation from F” into F"" is of the
above form, for some fi,..., fu.

Solution: Clearly T is a well defined function from F” into F"*. We must just show it is linear. Let o, 8 € F", ¢ € C. Then
T(ca +p) = (filca +p),..., fulca + B))

= (chi(@) + fi(B), ..., cfu(@) + fu(B))
= c(fi(@), ..., (@) + (1(B), - -, fu(B))
=cT(a)+ T(P).

Thus T is a linear transformation.

Let S be any linear transformation from F” to F™. Let M be the matrix of S with respect to the standard bases of F”* and
F™. Then M is an m x n matrix and S is given by X > MX where we identify F" as F"*! and F" with F™ ! Now for each
i=1,....mlet fi(x1,...,x,) = Z?:I M;jx;. Then X — MX is the same as X — (fi(X),..., fiu(x)) (keeping in mind our
identification of F” with F*!). Thus S has been written in the desired form.

Exercise 7: Let a; = (1,0,-1,2) and a» = (2,3, 1, 1), and let W be the subspace of R* spanned by a; and a,. Which linear
functionals f:
SCGer, X2, X3, x4) = c1x1 + C2xp + C3X3 + C4X4

are in the annihilator of W?

Solution: The two vectors @; and «; are linearly independent since neither is a multiple of the other. Thus W has dimension
2 and {ay, @y} is a basis for W. Therefore a functional f is in the annihilator of W if and only if f(@;) = f(az) = 0. We find
such f by solving the system

{f(an)=0
fla2) =0

or equivalently
cir—c3+2c4=0
{ 2c1+3co+c3+c4=0

We do this by row reducing the matrix

Therefore
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The general element of WY is therefore
SOty x0, %3, x4) = (€3 — 2c4)x1 + (3 + C4) X2 + C3X3 + C4X4,
for arbitrary elements c3 and c4. Thus W° has dimension 2 as expected.
Exercise 8: Let W be the subspace of R which is spanned by the vectors
a =€ +260+6, a=6+36+3e+ 6

a3z = € +46 + 66 + 4e + 6.

Find a basis for WP,

Solution: The vectors a1, a», a3 are linearly independent as can be seen by row reducing the matrix

1 21 00
01 3 3 1
1 4 6 4 1
1 21 0 0
-0 1 3 3 1
0 2 5 4 1
[1 0 -5 -6 -2 ]
-0 1 3 3 1
10 0 -1 -2 -1 |
[1 0 -5 -6 -2
-0 1 3 3 1
|0 0 1 2 1
1 0 0 4 3
-0 1 0 -3 -=2|{.
001 2 1
Thus W has dimension 3 and {1, a», @3} is a basis for W. We know every functional is given by f(xy, x2, x3, X4, X5) =
C1Xy + CaXy + C3X3 + C4X4 + Cc5X5 for some cy,...,cs. From the row reduced matrix we see that the general solution for an

element of W9 is
S(x1, %2, X3, X4, X5) = (—4cg — 3cs5)x1 + (Bey + 2¢5)x2 — (2¢4 + €5)X3 + CaXq + C5X5.
Exercise 9: Let V be the vector space of all 2 x 2 matrices over the field of real numbers, and let
2 =2
B- [ 2 } |

Let W be the subspace of V consisting of all A such that AB = 0. Let f be a linear functional on V which is in the annihilator
of W. Suppose that f(I) = 0 and f(C) = 3, where [ is the 2 X 2 identity matrix and

C =

0 0
0 17

Find f(B).
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Solution: The general linear functional on V is of the form f(A) = @A + bA12 + cAy; +dAy for some a,b,c,d e R. IfA e W

then .
Xy 2 =21.100
z w -1 1 | {0 0

implies y = 2x and w = 2y. So W consists of all matrices of the form

[x 2x |
y 2y |

2x
Now f e W0 = .
f f([ y 2y

= b =—1aand d = —Jc. So the general f € WY is of the form

D=0\7’x,yER=>ax+2bx+cy+2dy=0Vx,y€R=>(a+2b)x+(c+2d)y=OVx,y€R

1 1
f(A):aA” —EaA12+CA21 —ECAZQ.
Nowf(C)=3=>d=3=>—%c:3=>c=—6.Andf(])zOﬂa—%czO:'c‘:Zaﬁa:—b‘.Thus

3
fA)=-3A; + §A12 — 6A;; + 3An.
Thus 3
fB)=-3-2+5-(-2)=6-(-D+3-1=0.
Exercise 10: Let F be a subfield of the complex numbers. We define n linear functionals on F” (n > 2) by
Jilxr, . xn) = Z(k—j)xj, l<k<n
J=1

What is the dimension of the subspace annihilated by fi,..., f,?

Solution: Ny, is the subspace annihilated by f;. By the comments on page 101, N has dimension n — 1. Now the standard
basis vector €, is in Ny, but is not in Ny. Thus Ny and Ny, are distinct hyperspaces. Thus their intersection has dimension
n—2. Now € is in Ny, butis notin Nj U Ny,. Thus Ny NNy, N Ny, is the intersection of three distinct hyperspaces and so has
dimension n — 3. Continuing in this way, € ¢ Uj;l Ny. Thus U;ZIN_ 7, 1s the intersection of i distinct hyperspaces and so has
dimension  — i. Thus when i = n we have U_; Nj; has dimension 0.

Exercise 11: Let W; and W, be subspace of a finite-dimensional vector space V.
(a) Prove that (W, + W»)" = W9 n WY.
(b) Prove that (W; N W,)° = W + W),

Solution: (a)f e (W, +W2)0 = f(v) =0Vve W +W, :>f(W1 +wy) =0V w e Wi,wyeW, :>f(W1) =0Vw, eW; (take
wy = 0)and f(wp) = 0V wy € W, (take wy = 0). Thus f € W and f € W). Thus f € W) N W). Thus (W; + W,)° € W) n W}.

Conversely, let f € WINWY. Letv € W;+W,. Thenv = w+w, where w; € W;. Thus f(v) = f(wi+w2) = f(w1)+f(wp) = 0+0
(since f € WY and f € WY). Thus f(v) = 0V v e Wy + W,. Thus f € (W; + W,)°. Thus W) 0 WY € (W) + W,)".

Since (W; + W2)? € W2 n WY and WY N WY € (W + W2)" it follows that W9 N W) = (W + W,)°

(b) fe WY+ W) = f=fi + fo, for some f; € W. Now let v € W; 0 W,. Then f(v) = (fi + £)(vV) = fi(v) + /H(») =0 +0.
Thus f € (W N W2)°. Thus W9 + W9 € (W; n W,)°.
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Now let f € (W; N W,)°. In the proof of Theorem 6 on page 46 it was shown that we can choose a basis for W, + W,

{(llv-“aak? ﬁl’“"ﬁm, 717~-a7’n}

where {1, ...,a;} is a basis for W, N Wy, {ay,...,a, Bi,...,Bn} 1s a basis for Wy and {ay,...,ak, ¥i1,...,7Ys} 1S a basis
for W,. We expand this to a basis for all of V

{an,...,a6, Bio-osBms Yoo sV Al Adh

Now the general element v € V can be written as

k m n
v
=1

Xi@; + Z)’iﬁi + Z Zyi + i wid; (20)
i=1

i=1 i=1

4

and f is given by

f(V) = Zk: a;x; + i biyi + zn: CiZi + Z[: diw;
i=1 i=1 i=1

i=1

for some constants a;, b;, ¢;, d;. Since f(v) = 0 for all v € W} N Wy, it follows thata; = --- = a; = 0. So

f) = Z by + Z CiZi t Z diw;.
fiv) = Z CiZi + Z diw;

L) = Z biyi.

Define
and

Then f = fi + f>. Now if v € W then

m

k
V= Z xia; + Z)’iﬁi
i=1 i=1

so that the coefficients z; and w; in (20) are all zero. Thus fi(v) = 0. Thus f] € W?. Similarly if v € W, then the coefficients y;
and w; in (20) are all zero and thus f>(v) = 0. So f> € W,. Thus f = f; + f, where f; € W) and f, € W). Thus f € W + W.
Thus (Wy N W,)° € W) + WY,

Thus (Wy N W,)° € WY + W,

Exercise 12: Let V be a finite-dimensional vector space over the field F and let W be a subspace of V. If f is a linear
functional on W, prove that there is a linear functional g on V suvch that g(@) = f(a) for each « in the subspace W.

Solution: Let 8 be a basis for W and let 8’ be a basis for V such that 8 C $B’. A linear function on a vector space is uniquely
determined by its values on a basis, and conversely any function on the basis can be extended to a linear function on the space.
Thus we define g on B by g(8) = f(B8) ¥V B € B. Then define g(8) = 0 for all 8 € B’ \ B. Since we have defined g on B’ it
defines a linear functional on V and since it agrees with f on a basis for W it agrees with f on all of W.

Exercise 13: Let F be a subfield of the field of complex numbers and let V be any vector space over F. Suppose that f and
g are linear functionals on V such that the function / defined by h(e) = f(a)g(@) is also a linear functional on V. Prove that
either f =0or g =0.

Solution: Suppose neither f nor g is the zero function. We will derive a contradiction. Let v € V. Then h(2v) = f(2v)g(2v) =
4f(v)g(v). But also h(2v) = 2h(v) = 2f(v)g(v). Therefore f(v)g(v) = 2f(v)g(v) Y v € V. Thus f(v)g(v) = 0V v e V.
Let B be a basis for V. Let B; = { € B | f(B) = 0} and B, = {8 € B | g(B) = 0}. Since f(B)gB) =0V B € B,
we have 8 = B; U B,. Suppose B; C B,. Then B, = B and consequently g is the zero function. Thus B; € B,. And
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similarly 8, ¢ B;. Thus we can choose 8; € B; \ B, and 8, € B, \ B;. So we have f(8,) # 0 and g(8;) # 0. Then
SB1 + B2)gBr + B2) = f(B1EWB) + f(B2)g(B1) + f(B1)g(B2) + f(B2)g(B2). Since f(B1) = g(B2) = 0, this equals f(B2)g(B1)

which is non-zero since each term is non-zero. And this contradicts the fact that f(v)g(v) =0V ve V.

Exercise 14: Let F be a field of characteristic zero and let V be a finite-dimensional vector space over F. If ay,..., @, are
finitely many vectors in V, each different from the zero vector, prove that there is a linear functional f on V such that

fla)#0, i=1,...,m.

Solution: Re-index if necessary so that {«, ..., @} is a basis for the subspace generated by {a/, ..., @,}. Soeach ay;y, ...,y
can be written in terms of «y, ..., a;. Extend {ay, ..., @} to a basis for V

{al,...,ak,,Bl,...,,B,,}.

Foreachi = k+1,...,m write @; = Z'J‘-ZIA,-jaj. Since @j41, ..., are all non-zero, foreachi = k+1,...,m 3 j; <k
such that A;;, # 0. Now define f by mapping «1,...,a to k arbitrary non-zero values and map S; to zero ¥ i. Then
flagsr) = Zl;zl Aps1,jf(a;). If f(agy1) = O then leaving f(«;) fixed for all i < k and adjusting f(c},,,), it equals zero for ex-
actly one possible value of f(«a},,,) (since A1, j,, # 0). Thus we can redefine f(aj,,,) so that f(ax.1) # 0 while maintaining
f(ajkﬂ) #0.

Now if f(ar2) = 0, then leaving f(a;) fixed for i # ji,o, it equals zero for exactly one possible value of f(«j,,,) (since
Ajs2,ji., # 0) So we can adjust f(j,,,) so that f(axs2) # 0 and f(ak+1) # 0 and f(@k+2) # 0 simultaneously.

Continuing in this way we can adjust f(a;,,),..., f(a;,) as necessary until all f(ax+1),..., f(ax) are non-zero and also all
of f(ay),..., f(ay) are non-zero.

Exercise 15: According to Exercise 3, similar matrices have the same trace. Thus we can define the trace of a linear operator
on a finite-dimensional space to be the trace of any matrix which represents the operator in an ordered basis. This is well-
defined since all such representing matrices for one operator are similar.

Now let V be the space of all 2 X 2 matrices over the field F and let P be a fixed 2 X 2 matrix. Let T be the linear operator
on V defined by T(A) = PA. Prove that trace(T) = 2trace(P).

Solution: Write

Py P |
P = .
[le Py |
Let )
{10 {01
en=1,9 ol 612—70 0
10 0 _»0 0
821_ 1 0 £ 622_>0 1

Then B = {ej1, €12, €21, €22} is an ordered basis for V. We find the matrix of the linear transformation with respect to this basis.

0]

T(en) = P;: 0 l= Prieqr + Pyey
0 P

T(en) = 0 P; = Pyien + Pyrexn
o

T(ey) = Pz; 0 |= Paerr + Pres

0O P
T(ex) = [ 0 PZ ] = Ppyepn + Pyen.
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Thus the matrix of T with respect to B is
Phn 0O Pp O
0 Py, 0 Pp
Py 0 Py O

The trace of this matrix is 2P;; + 2P, = 2trace(P).
Exercise 16: Show that the trace functional on n X n matrices is unique in the following sense. If W is the space of n X n
matrices over the field F and if f is a linear functional on W such that f(AB) = f(BA) for each A and B in W, then f is a

scalar multiple of the trace function. If, in addition, f(I) = n then f is the trace function.

Solution: Let A and B be n X n matrices. The £, m entry in AB is

(AB)¢m = ZAé’kBkm 2D
k=1
and the £, m entry in BA is
(BAYm = ) BuxAsn. (22)
k=1
Fix i, j€{1,...,n}such thati > j. Let A be the matrix where A;; = 1 and all other entries are zero. Let B be the matrix where

B;; = 1 and all other entries are zero. Consider the general element of AB

n
(AB)¢y, = ZAkakm-
=)

The only non-zero A in the sum on the right is A;;. But Bj,, = 0 since j > i and only B;; # 0. Thus AB is the zero matrix.
Now we compute BA. From (22) the only non-zero term is when £ = i, m = jand k = i.
Thus the matrix AB has zeros in every position except for the i, j position where it equals one.

Now the general functional on n X n matrices is of the form

fM) = i: Zn: CemMm

=1 m=1

for some constants cs,. Now f(AB) = f(0) = 0 and f(BA) = ¢;;. Soif f(AB) = f(BA) then it follows that ¢;; = 0.

Thus we have shown that ¢;; = 0 for all i > j. Similarly ¢;; = 0 for all i < j. Thus the only possible non-zero coefficients are

Clls---5Cnn-
n

fM) = Z ciiM;;.
i=1
We will be done if we show ¢1; = ¢y forallm = 2,...,n. Fix 2 < i < n. Let A be the matrix such that A;; = A;; = 1
and Ay, = 0 in all other positions. Let B = AT. Then AB is zero in every position except A;; = A;; = Aj; = A; = 1. And
BA is zero in every position except (BA);; = 2. Thus f(AB) = c11 + ¢; and f(BA) = 2c¢y;. Thus if f(AB) = f(BA) then
c11 + ¢i; = 2¢11 which implies ¢;; = ¢;;. Thus there’s a constant ¢ such that ¢; = ¢ for all i.

Thus f is given by

n

fM) = ) M.

k=1
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If f(I) = nthen ¢ = 1 and we have the trace function.

Exercise 17: Let W be the space of n X n matrices over the field F, and let W, be the subspace spanned by the matrices
C of the form C = AB — BA. Prove that W, is exactly the subspace of matrices which have trace zero. (Hint: What is the
dimension of the space of matrices of trace zero? Use the matrix ’units,” i.e., matrices with exactly one non-zero entry, to
construct enough linearly independent matrices of the form AB — BA.)

Solution: Let W’ = {w € W | trace(w) = 0}. We want to show W’ = W,,. We know from Exercise 3 that trace(AB — BA) = 0
for all matrices A, B. Since matrices of the form AB— BA span W, it follows that trace(M) = O for all M € W,. Thus Wy, € W’.

Since the trace function is a linear functional, the dimension of W’ is dim(W)—1 = n>—1. Thus if we show the dimension of W,
is also n? — 1 then we will be done. We do this by exhibiting n*> — 1 linearly independent elements of W,. Denote by E; ;j the ma-
trix with a one in the i, j position and zeros in all other positions. Let H;; = E;; — E;;. Let B = {E;; | i # jU{H;; |2 < i < n}.
We will show that 8 € W, and that 8 is a linearly independent set. First, it clear that they are linearly independent be-
cause E;; is the only vector in 8 with a non-zero value in the i, j position and H; is the only vector in 8 with a non-zero
value in the i,i pOSitiOI’l. Now 2Eij = HijEij - Einij and Hij = EijEji - EjiEij~ Thus Eij € W, and H,'j € Wy. Now
1Bl = {Eij | i # j}l +{H1; 12 <i<n}|=(@m*-n)+(n-1)=n>-1Thus we are done.

Section 3.6: The Double Dual

Exercise 1: Let n be a positive integer and F a field. Let W be the set of all vectors (xy, ..., x,,) in F” such that x; +- - -+x, = 0.

(a) Prove that W° consists of all linear functionals f of the form

n

f(xt,.o,xn) = chj.

j=1
(b) Show that the dual space W* of W can be ‘naturally’ identified with the linear functionals
f(X1, o, X)) =C1xp + -+ CuXy
on F"* which satisfy ¢y +--- + ¢, = 0.

Solution: (a) Let g be the functional g(xy,..., x,) = x| +--- + x,. Then W is exactly the kernel of g. Thus dim(W) = n — 1.
Leta; =€ — €4 fori=1,...,n—1. Then {a,...,®,_1} are linearly independent and are all in W so they must be a basis
for W. Let f(x1,...,%,) = c1X] + - - - + ¢, X, be a linear functional. Then f € W0 = f(a)) = = fla) =0=c¢c; —¢; =0V
i=2,...,n=>3dcsuchthatc; = ¢ VY i. Thus f(x,...,x,) =c(x; + -+ x,).

(b) Consider the sequence of functions
where the first function is
(ClseesC) P ferc

where f., . (x1,...,%,) = c1x1 +- - cpX, and the second function is restriction from F” to W. We know both W and W* have
the same dimension. Thus if we show the composition of these two functions is one-to-one then it must be an isomorphism.
Suppose (¢1,...,cn)) €W fo ., =0€ W"

Then > ¢; = 0and ) ¢;x; = 0 forall (x,...,x,) € W.

In other words . ¢; = 0 and Y c¢;x; = O for all (xy, ..., x,) such that } x; = 0.
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Let{ai, ..., a,-1} be the basis for W from part (a). Then f,,
Thus 3, ¢; = (n— 1)cy. But ) ¢; = 0, thus ¢; = 0. Thus f,

,,,,, ,(@)=0Vi=1,...,n—1; whichimpliesc; =¢;Vi=2,...,n.
,,,,, ¢, 18 the zero function.

Thus the mapping W — W* is a natural isomorphism. We therefore naturally identify each element in W* with a linear
functional f(xq,...,x,) = c1Xx1 + - c,X, Where >, ¢; = 0.

Exercise 2: Use Theorem 20 to prove the following. If W is a subspace of a finite-dimensional vector space V and if
{g1,...,g} is any basis for WP, then
W =[N,
i=1

Solution: {g,...,g,} abasis for W = g e WOVi= g(W)=0Vi=>WC Ng, Vi=W C N N,. Let n = dim(V).
By Theorem 2, page 71, we know dim(N,,) = n — 1. Since the g;’s are linearly independent, g, is not a multiple of g, thus
by Theorem 20, Ng, € Ng,. Thus dim(Ng, N Ng,) < n — 2. By Theorem 20 again, N,, £ N, N N,, since g3 is not a linear
combination of g; and g;. Thus dim(Ng, N N,, N Ng,) < n — 3. By induction dim();_; Ng,) < n —r. Now by Theorem 16,
dim(W) = n — r. Thus since W C (_; N,,, it follows that dim((\;_; N,,) = n — r. Thus it must be that dim(N,_, N,) =n—r
and it must be that W = (| N,, since we have shown the left hand side is contained in the right hand side and both sides
have the same dimension.

Exercise 3: Let S be a set, F' a field, and V(S; F) the space of all functions from S into F:
(f + 9 = f(x) + g(x)
(cNHx) =cf(x).

Let W be any n-dimensional subspace of V(S; F)). Show that there exist points xi,..., x, in § and functions fi,..., f, in W
such that fi(x;) = ¢;;.

Solution: I’m not sure using the double dual is really the easiest way to prove this. It can be done rather easily directly by
induction on n (in fact see question 121704 on math.stackexchange.com). However, since H&K clearly want this done with
the double dual. At first glance you might try to think of W as a dual on S and W* as the double dual somehow. But that
doesn’t work since S is just a set. Instead I think you have to consider the double dual of W, W** to make it work. I came up
with the following solution.

Let s € §. We first show that the function

¢y W F

w = w(s)
is a linear functional on W (in other words for each s, we have ¢, € W*).

Let wi,w, € W, ¢ € F. Then ¢,(cw; + wp) = (cw; + wy)(s) which by definition equals cw,(s) + wy(s) which equals
cps(wy) + ¢ps(wn). Thus ¢y is a linear functional on W.

Suppose ¢;(w) =0 forall s € S,w € W. Thenw(s) =0V s € S, w € W, which implies dim(W) = 0. So as long asn > 0,
d 51 € § such that ¢, (w) # O for some w € W. Equivalently there is an s; € S and a w; € W such that wy(s;) # 0. This
means ¢, # 0 as elements of W*. It follows that {(¢,, ), the subspace of W* generated by ¢y, , has dimension one. By scaling
if necessary, we can further assume w(s;) = 1.

Now suppose V s € S that we have ¢; € (¢, ), the subspace of W* generated by ¢;,. Then for each s € S thereis a c(s) € F
such that ¢; = c(s)¢s, in W*. Then for each s € S, w(s) = c(s)w(s;) for all w € W. In particular w;(s) = c(s) (recall
wi(sy) = 1). Let w € W. Let b = w(s;). Then w(s) = c(s)w(s;) = bwi(s) ¥V s € §. Notice that b depends on w but does not
depend on s. Thus w = bw; as functions on S where b € F is a fixed constant. Thus w € (w;), the subspace of W generated
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by wy. Since w was arbitrary, it follows that dim(W) = 1. Thus as long as dim(W) > 2 we can find w, € W and s, € S
such that {(w;, ws) (the subspace of W generated by wi, w,) and (¢, , ¢,,) (the subspace of W* generated by {¢,, ¢s,}) both
have dimension two. Let Wy = (wi,wy). Then we’ve shown that {¢;,, ¢y,} is a basis for Wj. Therefore there’s a dual basis

{F1,F2} € Wi so that Fi(gs,) = 045, i, ] € {1,2}. By Theorem 17, 3 corresponding wi,w, € W so that F; = L,, (in the

notation of Theorem 17). Therefore, 6;; = Fi(¢s;) = Ly, (¢s;) = ¢5;(wi) = wi(s)), for i, j € {1,2}.

Now suppose ¥V s € S that we have ¢, € (¢;,,d5,) € W*. Then V 5 € S, there are constants c;(s), c2(s) € F and we have
w(s) = c1(s)w(sy) + c2(s)w(sy) for all w € W. Similar to the argument in the previous paragraph, this implies dim(W) < 2
(for w € W let by = w(s;) and b, = w(s,) and argue as before). Therefore, as long as dim(W) > 3 we can find s3 so that
(b, bs,, bs,) W7, the subspace of W* generated by ¢, ¢y, , ¢5,, has dimension three. And as before we can find w3 € W
such that w;(s;) = ¢;;, for i, j € {1,2,3}.

Continuing in this way we can find n elements sy, ..., s, € S such that ¢, , ..., ¢, are linearly independent in W* and corre-
sponding elements wy, ..., w, € W such that w;(s;) = ¢;;. Let f; = w; and we are done.

Section 3.7: The Transpose of a Linear Transformation

Exercise 1: Let F be a field and let f be the linear functional on F? defined by f(x1, x2) = ax; +bx,. For each of the following
linear operators T, let g = f'f, and find g(xy, x;).

(@) T(x1,x2) = (x1,0);
(b) T(x1,x2) = (=x2, X1);
(©) T(x1,x2) = (x1 — X2, X1 + X2).
Solution:
(@) g(x1,x2) = T'f(x1,x2) = f(T(x1,%2)) = f(x1,0) = ax;.
(b) g(x1,x2) = T"f(x1,x2) = f(T(x1,x2)) = f(=x2,x1) = —ax, + bx;.
(©) g(x1, x2) = T' f(x1,%2) = F(T(x1,x2)) = fx1 = Xo, X1+ X2) = a(x) = X2) + b(x; +x2) = (a+b)x; + (b - a)xa.

Exercise 2: Let V be the vector space of all polynomial functions over the field of real numbers. Let @ and b be fixed real
numbers and let f be the linear functional on V defined by

b
fp)= f p(x)dx.
If D is the differentiation operator on V, what is D' f?

Solution: Let p(x) = ¢g + ¢1x + - - - + ¢,x". Then
D'f(p) =f(D(p))
:f(cl + 2C2x + 3C3x2 4+ .-+ ncnxn—l)
=C +sz2+~-~c,,ﬂ' |g

=p(b) - p(a)

Exercise 3: Let V be the space of all n X n matrices over a field F' and let B be a fixed n X n matrix. If T is the linear operator
on V defined by T(A) = AB — BA, and if f is the trace function, what is T’ f?
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Solution: By exercise 3 in section 3.5, we know trace(AB) = trace(BA). Thus T'f(A) = f(T(A)) = trace(AB — BA) =
trace(AB) — trace(BA) = 0.

Exercise 4: Let V be a finite-dimensional vector space over the field F' and let T be a linear operator on V. Let ¢ be a scalar
and suppose there is a non-zero vector « in V such that Ta = ca. Prove that there is a non-zero linear functional f on V such
that T' f = cf.

Solution: Consider the operator U = T — cI. Then U(a) = 0 so rank(U) < n. Therefore rank(U’) < n as an operator on V*.
It follows that there’s a f € V* such that U'(f) = 0. Now U’ = T" — cl, thus T'(f) = cf.

Exercise 5: Let A be an m X n matrix with real entries. Prove that A = 0 if and only if trace(A’A) = 0.

Solution: Suppose A is the m X n matrix with entries a;; and B is the n X k matrix with entries b;;. Then the 7, j entry of AB is

n

Z aikbkj.

k=1

Substituting A’ for A and A for B we get the i, j entry of A’A is (note that A’A has dimension n X n)

m
Z Aji Q-

k=1

Thus the diagonal entries of A’A are
Z QAiCki
k=1

fori=1,...,n. Thus the trace is
n

m

2
S
i=1 k=1

k
If all a;; € R then this sum is zero if and only if each a;; = 0 because every one of them appears in this sum.

Exercise 6: Let n be a positive integer and let V be the space of all polynomial functions over the field of real numbers which
have degree at most #, i.e., functions of the form

fX)=co+crx+---+cx".
Let D be the differentiation operator on V. Find a basis for the null space of the transpose operator D'.

Solution: The null space of D' consists of all linear functionals g : V — R such that D'g = 0, or equivalently g o D(f) =0V
feV.Nowg(ag+aix+---+a,x") = coap+cia; +- - - +cua, for some consants co, ...,c, € R. SogoD(ap+a;x+---+a,x") =
glay +2ax + - + na,x"") = Z?:_Ol(i + Dciaiyg.

This sum Z;’z‘ol(i + 1)c;a;41 equals zero for all vectors (ag,ay,...,a,) € R"ifandonly if ¢ = ¢; = -+ = ¢,-1 = 0. While ¢,
can be anything. Therefore the null space has dimension one and a basis is given by taking ¢, = 1, which gives the function
g : Y a;x' — ay,, the projection onto the x" coordinate.

Exercise 7: Let V be a finite-dimensional vector space over the field F. Show that T — T is an isomorphism of L(V, V) onto
L(V*, V).

Solution: Choose a basis B for V. This gives an isomorphism L(V, V) — M, the space of n X n matrices. And the dual basis
B’ gives an isomorphism L(V*, V*) — M,. Now we know by Theorem 23 that the following diagram of functions commutes.
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This means if we start at L(V, V) and follow two functinos to the M,, in the bottom left, it doesn’t matter which way around
the diagram we go, we end up at the same place.

Lv,V) — M,
transpose | | transpose
Lvs, vy — M,

Both horizontal arrows are isomorphisms (by Theorem 12, page 88). Now clearly transpose on matrices is a one-to-one and
onto function from the set of matrices to itself. Also (rA)" = rA’ and (A + B)' = A" + B' for any two n X n matrices A and
B. Thus transpose is also a linear transformation. Thus transpose is an isomorphism. Therefore three of the arrows in this
diagram are isomorphisms and it follows that the fourth arrow must also be an isomorphism.

Exercise 8: Let V be the vector space of n X n matrices over the field F.
(a) If Bis a fixed n X n matrix, define a function f on V by Fg(A) = trace(B'A). Show that F is a linear functional on V.
(b) Show that every linear functional on V is of the above form, i.e., is fp for some B.
(c) Show that B — fp is an isomorphism of V onto V*.

Solution:

(a) This follows from the fact that the trace function is a linear functional and left multiplication by a matrix is a linear transfor-
mation from V to V. In other words Fg(cA; +A,) = trace(B'(cA; +A»)) = trace(cB'A| + B'A,) = c-trace(B'A;) +trace(B'A) =
c- Fp(A)) + Fp(Ay).

(b) Let f : V — F be a linear functional. Let A = (g;;) € V. Then

n

fay = cja; (23)

ij=1

for some fixed constants ¢;; € F.

Now let B = (b;;) € V be any matrix. Then the i, j element of B'A is }};_, byaxj. Thus

trace(B'A) = Z Z bridi. 24)
i=1 k=1
Comparing (23) and (24) we see each q;; apperas exactly once in each sum. So setting by; = ¢; forall i,k = 1,...,n we get

the appropriate matrix B such that trace(B'A) = f.

(c) Let F be the function F : V — V* such that F(B) = fp. Part (a) shows this function is into V*. Part (b) shows it is onto V*.
We must show it is linear and one-to-one. Let r € F and By, B, € V. Then (rB; + B,)'A = (rB} + B5)A = rB{A + B5A. We
know the trace function itself is linear. Thus F is linear. Now suppose trace(B’A) =0V A € V. Fix i, j € {1,2,--- ,n}. Let A
be the matrix with a one in the i, j position and zeros elsewhere. Then by the proof of part (b) we know that trace(B'A) = b;;.
So if F(A) = 0 then b;; = 0. Thus B must be the zero matrix. Thus F is one-to-one. It follows that F is an isomorphism.
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Section 4.2: The Algebra of Polynomials

Exercise 1: Let F be a subfield of the complex numbers and let A be the following 2 X 2 matrix over F

)
For each of the following polynomials f over F, compute f(A).

@ f=x>-x+2;

b) f=x -1

© f=x>-5x+T;

Solution:
(a)
> [ 2 1 2 1
R
[ 3 5
| -5 8
Therefore
f(A)=A’-A+2
[ 3 5 2 1 2 0
=l 5 8| | -1 3|"o 2
[ 3 4
| -4 7
(b)
5 2 1 2 1 2 1
S IR
[ 3 s 2 1
-5 8| | -1 3
118
| -18 19
Therefore
fA)=4A>-1

89
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(©
f(A) = A2 —5A+7

S R
|5 o]

Exercise 2: Let T be the linear operator on R? defined by

T(x1, X2, x3) = (X1, X3, =2X — X3).
Let f be the polynomial over R defined by f = —x* + 2. Find f(T).

Solution: The matrix of T with respect to the standard basis is

1 0 0
A=l0 0 1
0 -2 -1
Thus
1 0 0 1 0
A =10 o0 1 |[-l0 0O 1
0 -2 -1 0 -2 -1
1 0 0
=0 -2 -1
0 2 -1
So
1 0 0 1 0 0
A=l0 =2 -1|-|]0 0 1
0 2 -1 0 -2 -1
1 0 0
=0 2 -1
0 2 3
Thus
1 0 0 (2 0 0
“A3+2=-]10 2 =1]|+/0 2 0
0 2 3 |0 0 2
-1 0 0
=l 0 0 1
0 -2 -1

This corresponds to the transformation

F(T)(x1, X2, x3) = (=X1, X3, —X2 — X3).
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Exercise 3: Let A be an n X n diagonal matrix over the field F, i.e., a matrix satisfying A;; = 0 for i # j. Let f be the
polynomial over F defined by

f: (-x_All)"'(x_Ann)-
What is the matrix f(A)?
Solution: The product of n diagonal matrices is again a diagonal matrix, where the i, i element is the product of the entries

in the i, i position of the n individual matrices. For each i, the i, i terms of A — A;; is zero. Therefore each diagonal entry of
(A—Aj)---(A—- A, is a product of numbers one of which is zero. Therefore (A — Ajy)--- (A — A,y) is the zero matrix.

Exercise 4: If f and g are independent polynomials over the field F' and % is a non-zero polynomial over F, show that f/ and
gh are independent.

Solution: Suppose there are scalars r, s € F such that rfh + sgh =. Then rfh = —sgh and so by Corollary 2 on page 121,
it follows that »f = —sg so that rf + sg = 0. Since f and g are independent, it follows that » = s = 0. Thus f& and gh are
independent.

Exercise 5: If F is a field, show that the product of two non-zero elements of F™ is non-zero.

Solution: Let f = (fy, f1, f2,.-.) and g = (g0, &1, &2, - - - ) be two elements of F*°. Let n be the index of the first non-zero f;
and let m be the index of the first non-zero g; (could be n = m = 0). Then what is the n + m coordinate of the product? It is

n+m n+m

(fg)ner = Zﬁgwrmfi = Z fignerfi
i=0 i=n

and if i > n then g,,4,,—; = 0 thus

n+m n
§ fi&ﬁ—m—i = E fign+m—i = fngm«
i=n i=n

Now we’ve assumed f;, and g,, are non-zero thus f,g, # 0 and thus fg # 0 in F*.

Exercise 6: Let S be a set of non-zero polynomials over a field F. If no two elements of S have the same degree, show that
S is an independent set in F[x].

Solution: Let fi,...,f, € S. Suppose deg(f;) = d and deg(f;) < d ¥ i # j. We can do this because by assumption all
polynomials in the set {f}, ..., f,} have different degrees, so one of them must have the largest. Suppose the d-th coefficient
of f;is r # 0. Then any linear combination a, f; + - - - a,f, has d-th coefficient equal to ra;. Thus if this linear combination
is zero then necessarily a¢; = 0. We can now apply the same argument to the f; with the second largest degree to show its
coefficient in the linear combination is zero. And then to the third largest, etc. Until we have eventually shown all coefficients
in the linear combination are zero. It follows that {fi, ..., f,} is a linearly independent subset of S and since it was an arbitrary
finite subset of S it follows that S is a linearly independent set.

Exercise 7: If a and b are elements of a field F' and a # 0, show that the polynomials 1, ax + b, (ax + b)?, (ax + b)’, ...form
a basis of F[x].

Solution: Let S = {1, ax + b, (ax + b)?, (ax + b)*,...}. And let (S ) be the subspace spanned by S. By the previous exercise
we know S is a linearly independent set. We must just show S spans the space of all polynomials. Since 1 € S andax+b € S
it follows that b - 1 + é(a + bx) € (S). Thus x € (S). Now we can subtract a multiple of 1 and a multiple of x from (a + bx)?
to get a*x* € (S). Thus al—z -a?x> € (S). Thus x*> € §. Continuing in this way we can show that x" € (§) for all n. Since
{1, x, x%, ...} span the space of all polynomials, it follows that S spans the space of all polynomials.
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Exercise 8: If F is a field and % is a polynomial over F of degree > 1, show that the mapping f — f(h) is a one-one linear
transformation of F[x] into F[x]. Show that this transformation is an isomorphism of F[x] onto F[x] if and only if deg h = 1.

Solution: Let G : F[x] — F[x] be the function G(f) = f(h). Clearly G is a well-defined function from F[x] to F[x]. By
definition G(f + g) = (f + &)(h) = f(h) + g(h) = G(f) + G(g) and for r € F, G(rf) = (rf)(h) = r- f(h) = rG(F). Thus G is
a linear transformation. Suppose deg # > 1. Then the coefficient of x in f(h) is zero. Thus if deg & > 1 then G is not onto.
Now suppose deg h = 0. Then f(h) is a scalar for all f. Thus G is not onto. Now suppose deg # = 1, so that h(x) = a + bx.
Let i’ = I%x — 4 and let G’ be the corresponding function on F[x], so G’ : F[x] — F[x] is given by G(f) = f(%x —%)- Then
G o G’ and G’ o G both give the identify function on F[x]. Thus G is an isomorphism.

Exercise 9: Let F be a subfield of the complex numbers and let 7', D be the transformations on F[x] defined by
n . n ci )
T ; L ! i+1
(B S

and

D (Zn: c[xi] = z”: icixi_l.

i=0 i=1
(a) Show that T is a non-singular linear operator on F[x]. Show also that T is not invertible.
(b) Show that D is a linear operator on F[x] and find its null space.
(c) Show that DT =1,and TD # I.
(d) Show that T[(T f)g] = (Tf)(Tg) — T[f(Tg)] for all f, g in F[x].
(e) State and prove a rule for D similar to the one given for 7 in (d)

(f) Suppose V is a non-zero subspace of F[x] such that T f belongs to V for each f in V. Show that V is not finite-
dimensional.

(g) Suppose V is a finite-dimensional subspace of F[x]. Prove there is an integer m > 0 such that D" f = O for each fin V.

Solution:

(a) Clearly T is a function from F[x] to F[x]. We must show T is linear.

T [i cix + i c;xi] =T [i(ci + C;)Xi]
i=0 i=0

i=0

and

Thus T is linear.
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Since F has characterisitc zero we can find a,b € F, such that a # b. Consider a and b as constant polynomials in F. Then
T(a) = T(b) = 0. Thus T is not one-to-one. Thus 7 is not invertible.

(b) Clearly D is a function from F[x] to F[x]. We must show D is linear.

D [i cix' + i c;xi] = D(i(ci + c;)xi]
i=0 i=0

i=0

n
= Z i(c; + c,’«)xi’1
i=1

PR R A |
:Z(lcix’ +icix'™)

oS0 of5)

i=0

and

D(r Z cix’) = D(Z rcix’J = Z rex ™ =7 Z cx '=r-D [Z cix’] .
0 i i=1 i=1 i

Thus D is linear.

Suppose f(x) = Yl c;x' is in the null space of D. Then D(f) = Y, ic;x™! = 0. A polynomial is zero if and only if every

coefficient is zero. Thus it must be that 0 = ¢; = ¢; = ¢3 = ---. So it must be that f(x) = ¢( a constant polynomial. Thus the

null space of D contains the constant polynomials. Since D(f) = 0 for all constant polynomials, the null space of D consists
of exatly the constant polynomials.

()

i=0

The first non-zero term of this sum is the linear term cox. Thus when we apply D the sum still starts at zero:

n

=> (i + 1)=S yi+1-1
. 1+1
i=0

n
= Z cix'.
i=0

Thus

Thus DT = 1.
Let f(x) = 1. Then TD(f) = T(D(f)) = T(0) = 0. Thus TD(1) # 1. Thus TD # I.

(d) This follows rather easily from part (e). And likewise (e) follows rather easily from (d). Thus one can derive (d) straight
from the definition of 7" and then derive (e) from it, or one can derive (e) straight from the definition of D and then derive (d)
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from it. I’ve chosen to do the latter.

In part (e) below the product formula is proven straight from the definition. So we will use it here to prove this part. In
particular, we apply the product formula from part (e) to (T f)(Tg)

DT )T ] = (TDT f) + (THD(Ty).

By part (c) DT = I so this is equivalent to

DT f)T] = f(Tg) +(Tfeg.

Thus
DT )T ] - f(Tg) = (Tf)g.
Now apply T to both sides
T (D[(Tf)(Tg)] - f(Tg)) =T(Tf)g).

Since T is a linear transformation this is equivalent to

T (D[(Tf)(Tg)]) ~TLf(Tg)] = T(T ).

We showed in part (c) that TD # I, however if f has constant term equal to zero then in fact T7(D(f)) does equal f. Now T f
and T g have constant term equal to zero, so (T f)(T g) has constant term zero, thus

T (D[(T f)(Tg)]) = (Tf)(Tg).

Thus
THT-TLf(T]=TUTSf)g).

(e) I believe they are after the product formula here:
D(fg) = fD(g) + &gD(f). (25)

We prove this by brute force appealing just to the definition and to the product formula for polynomials. Let f(x) = )7 c;x!
and g(x) = Y d;x'. Then using the product formula (4-8) on page 121 we have

n m n+m (i
D(fg)=D [Z cixt Z d,-xi) =D [Z [Z cjd,-_j] xi]
i=0 i=0 i=0 \’j=0
And using the linearity of the differentiation operator D this equals
n+m i
Z i [Z ¢idi j] Xl (26)
=0 \j=0

Now we write down the sum for the right hand side of (25):

ID(g) + gD(f)
=) X Z idix™' + Z icix! Z dix'. (27)
i=0 i=1 i=1 i=0
Consider

X+ cix' Z idix

i=0 i=1
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This equals
n m
Z cix' Z id;x'
i=0 i=1
and since Ody = 0 we can write this as
n m
Z cix' Z idix'.
i=0 i=0

It’s straightforward to apply (4-8) page 121 to this product. In (4-8) we let f; = ¢; and g; = id; and it equals
m+n (i
Z [Z(l - j)cjdi—j] x'.
i=0 \ j=0

The constant terms is zero thus we can write it as

nil [2(1 - j)dei—j] )Ci.
1 \j=0

And thus the sum

=

m

cix' E idix!

i=0 i=1

Z [ (l - j)deij) )Ci_l.

J=0

equals

Similary the second sum is

Thus (27) does equal (26).

(f) Suppose V is finite dimensional. Let {b;,---,b,} be a basis for V. Let d = max.., deg(b;). It follows from Theo-
rem 1(v) and induction that the degree of a linear combination of polynomials is no larger than the max of the degress of
the individual polynomials involved in the linear combination. Thus no element of V has degree greater than d. Now let
f € V be any non-zero element. Let d’ = deg(f). Then T f has degree d’ + 1, T>f has degree d’ + 2, etc. Thus for some 7,
deg(T"f) > d. If T" f € V then this is a contradiction. Thus if 7" f € V for all f € V it must be that V is not finite dimensional.

(g) Let {b1,--- ,by} be a basis for V. Let d = max;= .., deg(b;). For any f € F[x], we know deg(Df) < deg(f). Thus

D™'p; = 0foralli=1,...,n. Since D*!(b;) = 0 for all elements of the basis {bi, ..., b,} it follows that D**!(f) = 0 for all
fevV.

Section 4.3: Lagrange Interpolation

Exercise 1: Use the Lagrange interpolation formula to find a polynomial f with real coefficients such that f has degree < 3

and f(=1) = =6, f(0) = 2, f(1) = =2, f(2) = 6.
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Solution: 1o = —1,# =0, t, = 1, t3 = 2. Therefore

- Dx=2

oz%: e D=2
D(x - 1)(x -2

P S e D -2
1 -2

o= R

_(c+ Dx(x—=1)

Loy
T T 3))0) la=-Da+ .

Thus
f=fED-Po+ fO)- Pr+ f(1)- Po+ f(2)- P3
= —6Py + 2P| — 2P, + 6P;
=x(x—-Dx-2))+(x-Dx+DxEx-2)+x(x+ DH(x-2)+x(x— D(x+ 1)
= =32 +20+ (P =22 —x+ )+ (P - =20+ (X - %)
=4x’ — 627 - 2x +2.
Checking:

f(-D)=-4-6+2+2=-6
f0)=2
f=4-6-2+2=-2
f)=32-24-4+2=6.

Exercise 2: Let @, 3, y, 0 be real numbers. We ask when it is possible to find a polynomial f over R, of degree not more than
2, such that f(—1) = a, f(1) =B, f(3) =y and f(0) = 6. Prove that this is possible if and only if

3+68-y—-85=0.

Solution: Let#, = -1, = 1,7, = 3. We will apply the Lagrange interpolation formula to get a quadratic satisfying f(#y) = a,
f(t1) =B, f(t2) = y. Then we will figure out what condition on a, 8, vy, § will guarantee that it also satisfies f(0) = ¢.

~(x-3
PO :% = %(x— 1)(x—3)
D(x -3
P, :% ==l (x+ I)(x - 3)
Dx—1
p, D= +(4;E’2“) ) o et D 1)

Therefore S
f= %(x— D(x-3) - g(x+ D(x-3)+ g(x+ Dx-1)
= %((;wc2 —4ax + 3a — 2,8x2 +4Bx + 68 + )/xz -
Now f(0) =y implies
é(3a/+6,8—y) =6.

Simplifying gives
3a+66—-y—-86=0. (28)
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Thus if (28) is satisfied then the four values of f are as required. Since three points determine a quadratic, there cannot be any
quadratic other than f that goes through (-1, @), (1,8), (3, 6). Thus this condition is not only sufficient but it is necessary.

Exercise 3: Let F be the field of real numbers,

S O
(=3 e
W o O

0
0
A= 0
1

0 00
p=(x-2)(x-3)(x—1).
(a) Show that p(A) = 0.
(b) Let Py, P,, P3 be the Lagrange polynomials for #; = 2, = 3,1, = 1. Compute E; = P;(A),i=1,2,3.
(c) Show that Ey + E; + E3 = I, E;E; = 0if i # j, E? = E;.

(d) Show that A = 2E1 + 3E2 + E3.

Solution: (a)
A-2)A-3)A-1)

000 O071[-1 0 0 0711 00O
100 o0 o0 0 -1 0 0flo 100
oo 1 0 0 0 0 0 {0020
000 -1/lo o o -2]loooo
000 071[-1 0 00
100 o0 o0 0 -1 0 0
oo 1 0 0 0 00
000 -1/]lo 0 00
0000
oo o0 o0
oo o0 o0
0000
b)th=20n=31=1
Py=-(x=-3)x-1)
Py =3(x—2)(x—1)
Py =3(x—2)(x-3)
Thus
-1 0 0 0 [l 000 1000
0 -1 0 0flo 100 0100
Ey=Pi(A)=-(A-3DA-D==| /o o 002 0l=l0 o0 0 o
0 0 0 —20lo o oo 0000
000 0711 000 000 0
11000 010100 0000
Ex=P@®=51001 0o{loo20[T|0o0 1 0
000 -1/l0o0 00 000 0
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000 01 -1 0 0 0 00 0 0
11000 o0 0 -1 0 0 00 00
Es=PW=310 01 o0 0 0 0 0| lo oo o0
000 -11lo o o -2 00 0 1

(c) All three of these facts are basically obvious by visual inspection of the matrices in part (b). E; + E, + E3 = I is obvious
by inspection. Likewise it is evident by inspection that E;E; = 0 if i # j. Lastly it is obvious that El2 = E;. 'm not sure what
there is to prove here.

(d)

2E1+3E2+E3
1 0 0O 0 000 0 00O
:20100+30000+0000
0 0 0O 0 010 0 00O
00 0O 00 00O 00 01

2 0 00

o200

10 0 3 0}
0 0 0 1

Exercise 4: Let p = (x — 2)(x — 3)(x — 1) and let T be any linear operator on R* such that p(T) = 0. Let P, P,, P3 be the
Lagrange polynomials of Exercise 3, and let E; = P;(T), i = 1,2, 3. Prove that

Ei+E,+E;=1, E,-Eij if l:ﬁ],

E}=E;, and T =2E +3E;+E;.

Solution: Recall

-1,2_3
P2—2x 2x+1
P2 :%x2—§x+3

By definition P(T) + Q(T) = (P + Q)T) and P(T)Q(T) = (PQ)T). Now as polynomials P; + P, + P; = 1. Thus
E1 + E2 + E3 = Pl(T) + Pz(T) + P3(T) = (P1 + P2 + P3)(T) =1

Notice that P divides P;P; whenever i # j. Thus P;P; = PQ for some Q (as polynomials). Thus E;E; = P(T)P(T) =
(PiP)(T)=P(T)Q(T)=0-Q(T) = 0. Thus E;E{(T) = 0.

We prove the next part in general. Let

fi=x—a

fr=x-b

f=x-c

Thus

P, = Lh
(a—Db)a-c)

_ ff
“(b—a)b-o)

_ Nhh
" (c—a)c-b)

P,

P3
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Letd = 2c¢ — b — a. Then it follows by simply multiplying it out that

dfs + f3 B Sif B
(c—a)c=b)  (c—a)c—-b)

Which is equivalent to
dfs + f3 ~
(c—a)c—b)

This equation is true as polynomials. We now evaluate things at 7.

Ps;—1. (29)

AMADSHT) =0
-
[MAHDFT) =0
-

ADAD KD
(c—a)c-b) (c—a)Nc-b)

Since fi(T)fo(T)f3(T) = 0, this implies

AMAT)  dfT) +f3(T) 0
(c—a)c-b) (c—a)c—-b)

Equivalently
dfy(T) + FAT)
B aen -
By (29) this implies
P3(T)(P5(T)—-1) =0.
Thus

PA(T) = Py(T).

Thus E% = E3. Since a, b, c were general, the same follows for £} and E,.

It remains to show T = 2E| + 3E, + E3. We first note that as polynomials
2P1 + 3P2 + P3

= (22 +8x-6) + B - 2x+3) + 3x* - 3x+3)
= X.

Plugging in T we get
2Pi(T) +3Py(T)+ P3(T) =T.

Thus
2E,+3E,+E;=T.
Exercise 5: Let n be a positive integer and F a field. Suppose T is an n X n matrix over F and P is an invertible n X n matrix

over F. If f is any polynomial over F', prove that

f(PT'TP) = P F(T)P.
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Solution: First note that (P~'xP)" = P~'x*(T)P. This is obvious by inspection, it follows basically from the fact that multi-
plication is associative and P~'P = I.

The general result now follows
P (TP
=P Y ap+a\T + a;T* + -+ + a,T")P
=P layP+ P'a,TP+ P'ayT*P +--- + P"'a,T"P
=ap+a(P'TP) + ax(P"'TP)* + -+ + a,(P~'TP)
= f(P'TP).

Exercise 6: Let F be a field. We have considered certain special linear functionals on F[x] obtained via ‘evaluation at ¢’:

L(f) = f(®.

Such functionals are not only linear but also have the property that L(fg) = L(f)L(g). Prove that if L is any linear functional
on F[x] such that
L(fg) = L(f)L(g)

for all f and g, then either L = O or there is a ¢ in F such that L(f) = f(¢) for all f.

Solution: Let L be a non-zero linear transformation. First note that L(1) # 0 since otherwise L(f) = L(f - 1) = L(f)L(1) =
L(f)-0=0YV f. Nextnote that L(1) = L(1 - 1) = L(1)L(1) = L(1) = 1. It follows that L(a) = L(a- 1) =aL(l) =aV a € F.
Now let t = L(x). Let f(x) =ap+ ajx + -+ a,x". Then

L(f)
=Lap+a1x+ -+ ax")
= L(ao) + L(a))L(x) + L(a2)L(x*) - - - + L(a,)L(x")
=ayp + a1 L(x) + a2 L(x)* + - + a,L(x)"
=ag+ait+art+--+ a,t"

= f(@).

Section 4.4: Polynomial Ideals

Page 129: In the statement of Theorem 5 it says “If f is a polynomial over f” which I believe should be “If f is a polynomial
over F”.

Page 133: The page’s running title says “Polynomial Ideas” it should say ”Polynomial Ideals”.

Page 134: In exercise 2 (a) and (c) I think they made a calculation mistake because both problems are extremely tedious to
do with only what we know so far. I believe in part (a) they really meant 2x° — x> — 3x> — 6x + 6 and in part (c) they really
meant x> + 6x? + 7x + 2. If I were teaching out of this book I would change both problems to be like this. In any case, I solved
them below as stated in the book, for the sake of completeness. But the derivations are rather ugly.

Exercise 1: Let Q be the field of rational numbers. Determine which of the following subsets of Q[x] are ideals. When the
set is an ideal, find its monic generator.

(a) all f of even degree;

(b) all f of degree > 5;
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(c) all f such that f(0) = 0;
(d) all f such that f(2) = f(4) =0;

(e) all f in the range of the linear operator 7' defined by

Solution:

(a) This is not an ideal. Let f(x) be any polynomial of even degree. Let g(x) = x. Then deg(fg) = deg(f) + 1 which is odd
and is therefore the set of polynomials of even degree does not satisfy the necessary property that fg is in the set whenever f
is in the set.

(b) This is not an ideal. Let f(x) = x> and g(x) = —x° + x*. Then f and g are in the set and therefore f + g must be in the
set if it is an ideal. But f(x) + g(x) = x* has degree equal to four and therefore is not in the set. In other words the set is not
closed with respect to addition and therefore is not even a subspace.

(c) This is an ideal. Let I = {f € F[x] | f(0) = 0}. If f(0) = 0 and g(0) = O then (cf + g)(0) = cf(0) + g(0) = O thus [ is
a subspace of F[x]. Now suppose f € I and g € F[x]. Then (fg)(0) = f(0)g(0) = 0- g(0) = 0. Thus fg € I. Thus [ is an
ideal. Let f(x) = ap + a;x + - -+ + a,x". Then f(0) = ap. Thus if f € I then necessarily ap = 0. Let g(x) = x. Then g € I and
f(xX) = aix+ ax®> + ---a,x" = x(ay + arx + ---a,x"") € I. Thus g generates 1.

(d) This is an ideal. Let I = {f € F[x] | f(2) = f(4) = 0}. If f(2) = f(4) = 0 and g(2) = g(4) = O then (cf + 2)(2) =
cf(2)+g(2) = 0 and (cf + g)4) = cf(4) + g(4) = 0 thus [ is a subspace of F[x]. Now suppose f € [ and g € F[x].
Then (fg)(2) = f(2)g2) = 0-g(2) = 0 and (fg)4) = f(4)g(4) = 0-g(4) = 0. Thus fg € I. Thus [ is an ideal. Let
g(x) = (x —2)(x —4). We claim g generates I. Let f(x) € I. Then since f(2) = 0, by Corollary 1 page 128 it follows that
f(x) = (x — 2)g(x) for some g(x) € F[x]. Now since f(4) = 2 - g(4) = 0 it follows that g(4) = 0 Thus there is a p(x) such that
q(x) = (x —4)p(x). Thus f(x) = (x — 2)(x — 4)p(x) = g(x)p(x) and therefore f(x) is in the ideal generated by g(x).

(e) This is an ideal. In fact it is the same ideal as in part (c). Note that 7'(f) has no constant term, thus 7(f)(0) = 0V f € F[x].
Now let f(x) = a1x + arx> + - + a,x". Let g(x) = a1 + 2a,x + 3a3x> + - - + na,x"'. Then f = T(g). Thus f is in the image
of T. Thus any polynomial with zero constant term is in the image of 7. Thus it is exactly the same ideal is in part (c).

Exercise 2: Find the g.c.d. of each of the following paris of polynomials
@ 2x° - X =32 —6x+4,x*+ X3 —x*-2x-2;
(b) 3x* +8x* -3, x> +2x% + 3x + 6;
(©) x*—2x° =22 - 2x -3, X + 62 + Tx + L.

Solution:
This question on its face seems to depend on what the base field is. I'm going to assume it is C.

(@) Let f(x) = 2x° — x> = 3x*> — 6x + 4 and g(x) = x* + x> — x> — 2x — 2. I have a feeling there’s a mistake and they really
meant 2x° — x> — 3x2 — 6x + 6 because then both polynomials are divisible by x> — 2. But as it is, the g.c.d. of these two
polynomials equals 1 - which does not seem that easy to prove using only what we know up to this point. If we knew about
unique factorization in C[x] we could simply factor g(x) into linear factors and check none of the roots of g are roots of f. In

fact the roots of g(x) are + V2 and —’112‘@ .
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But we can’t use that argument yet. Instead we are probably expected to argue using the comments on page 132 right after
the proof of Theorem 7, commonly known as the “euclidean algorithm”.

Since I believe there’s a mistake and it should be 2x> — x> — 3x> — 6x + 6, I’'m going to solve it both ways.
First we solve it exactly as stated in the book.

Solution 1 (as stated in book).

Let I = (f(x), g(x)) be the ideal in C[x] generated by f and g. Then
20 - =3 —6x+4 =0+ X3 =2 —2x-2)2x - 2) + (3x° — XX — 6x).
Therefore 3x° — x> — 6x = f(x) — (2x — 2)g(x) € I.
9

x4+x3—x2—2x—2=(3x3—x2—6x)(%x+g)+(§x2+§x—2).

Therefore $x> + 2x -2 € L.

3.2 _ (132, 2 27 .. 931 -2:32.7 _2»32-31)
3x° - x 6x—(9x + 5x 2)(13x 132)+( =X 5 ) -

2, 32,
=237 2-3-31 el

Therefore =5 x — =5

13,2, 2.~ _(=2327 _2-3131)(7133 132192) (13261)
9 X"+ 35X 2_( 37 X~ T e Xt o)t e )

Therefore 133227621 e€l. And % . % = 1 therefore 1 € I. Therefore I = C[x]. Therefore the g.c.d. of f(x) and g(x) equals 1:

ng(f’ g) =1

Solution 2 (replacing the first polynomial with 2x° — x> — 3x* — 6x + 6).

Now we’ll solve it assuming f(x) = 2x° — x> =3x%—6x+6 which is what I think they really intended. Again let I = (f(x), g(x))
be the ideal in C[x] generated by f and g. Dividing g into f we get

20 - =32 —6x+4 =0+ -2 = 2x-2)2x-2) + (3x° — XX — 6x + 2). (30)
Thus (3x* — x> — 6x + 2) € I. Dividing again
A - -2x-2=034 —x2—6x+2)(%x+ §)+ %(x2 -2). 31
Thus x> — 2 € 1. Dividing again we have
38 -2 —6x+2=(x*-2)3x-1), (32)
and the remainder is zero. Now we solve back, substituting (32) into (31) gives
- - 2-2=(7-2)Bx-D(r+ §)+ B2 -2)
and factoring out x> — 2 from both terms on the right hand side we get
M- -2 -2=(F =) +x+ ). (33)
Thus g € (x? = 2)C[x]. Now substituting (32) and (33) into (30) gives

20 - =32 —6x+4 = -2 +x+ D2x-2)+ (x> =2)B3x—1)
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and factoring out x> — 2 from both terms on the right hand side we get f € (x*> — 2)C[x]. Thus we’ve shown both f and g are
in (x> — 2)C. Since I equals (f, g), it follows that I C (x> — 2)C[x]. We’ve shown (x> — 2)C[x] C I. Thus we can conclude
(x* = 2)C[x] = I. It follows that the g.c.d. of f and g is x* — 2.

(b) Let f(x) = 3x* + 8x% — 3 and gx) = B +2x%2+3x+6. Let] = (f(x), g(x)). We have
3t +8x2 =3 = +2x2 +3x + 6)Bx — 6) + (11x% + 33)
Thus 11x% + 33 € 1. Thus x*> + 3 € I. Now
X427 +3x+6 = (% +3)(x+2).
Thus x? + 3 divides both f(x) and g(x). In particular
f(x) = @Bx® = D(x* +3)

g(x) = (x +2)(x* +3)

and therefore it follows that

(f(x), g(xX)) = (% + 3).

(c) As in part (a) I have a feeling there’s a typo and they really meant x> + 6x> + 7x + 2 because then both are divisible by
x + 1. But as it is, x> + 6x> + 7x + 1 is irreducible and the calculations are even worse than part (a). As I did in part (a), I'll
solve this in both the way they actually stated it and the was I think they intended it. First the way they stated it.

Solution 1 (as stated in book).

Let f(x) = x* = 2x3 —=2x> = 2x -3 and g(x) = x* + 6x% + 7x + 1 and I = (f(x), g(x)).
=2 -2 - 2x -3 =3 + 6%+ Tx + D(x — 8) + (33x* + 53x + 3)

Thus 33x2 +53x+5 € 1.

Y +6x2+Tx+ 1 =332 +53x+5) (%x + —1053_5332) + (%x + %) )
Thus
227 364
W.X =+ 1089 el
And finally

2 _ (=2 364 \ (108933 .. 26182827 9009297
33x"+53x+5 = (1089XJr 1089)( 27 X~ Tsism )+( 51529 )

Thus % € I and it follows that 1 € [ and that ged(f(x), g(x)) = 1.

Solution 2 (replacing the second polynomial with x* + 6x> + Tx + 2).

Exercise 3: Let A be an nxn matrix over a field F. Show that the set of all polynomials f in F[x] such that f(A) = 0is an ideal.
Solution: Let 7 be the set {f € F[x] | f(A) =0}. Let f,ge Iandc € F. Then (cf+g)(A) = cf(A)+g(A) =c-0+0 = 0. Thus
I is a subspace of F[x] as a vector space over F. Now suppose f € I and g € F[x]. Then (gf)(A) = g(A)f(A) = g(A)-0=0.
Thus I has the required property to be an ideal.

Exercise 4: Let F be a subfield of the complex numbers, and let
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Find the monic generator of the ideal of all polynomials f in F[x] such that f(A) = 0.

Solution: Let I = {f(x) € F[x] | f(A) = 0}. We know from the previous exercise that [ is an ideal. It’s clear that f(A) # 0 if
deg(f) < 1. Thus if we find any f(x) € I such that deg(f) = 2 then f must be a generator. Let f(x) = x> — 4x + 3. Then

']

fA)=A*—4A+3
1 -2 ) 1 -2
:[0 3H0 3}_4[0 3 |73
1 -8 4 -8 0
o 9| |0 12 3
[0 o0
10 o

You will learn an easy way to find this polynomial in Theorem 4 of Section 6.3.

1
0

N
0

Exercise 5: Let F be a field. Show that the intersection of any number of ideals in F[x] is an ideal.

Solution: Let A be a set. Let I, be an ideal in F[x] for each @ € A. Let I = Nyeal,. By Theorem 2, page 36 (sec. 2.2), [ is a
subspace of F[x]. We must just show [ satisfies the extra condition required to be an ideal. Specifically, let g(x) € F[x] and
f(x) € I. We must show g(x)f(x) € I. Since f(x) € I, it follows that f(x) € I, Y a € A. Since I, is an ideal Ya € A, it follows
that g(x)f(x) € I, Y @ € A. Thus f(x)g(x) € I, YV a € A. Thus f(x)g(x) € I.

Exercise 6: Let F be a field. Show that the ideal generated by a finite number of polynomials fi, ..., f, in F[x] is the inter-
section of all ideals containing fi, ..., f;.

Solution: Let [ = (f},..., f,) be the ideal generated by {fi,..., f,}. Let J be any ideal containing {fi,..., f,}. Let g € I.
Then g = g1 f1 + - + gnf, for some gy, ..., g, in F[x]. Since J is an ideal containing {f, ..., f,} it must also contain g. Thus
ge€el= geJ. ThusI C J. Now by the definition of intersection, J is contained in every ideal which contains {f,..., f,}.
Since [ is such an ideal, it follows that J C I. Thus we’ve shown I C Jand J C 1. Thus J = 1.

Exercise 7: Let K be a subfield of a field F, and suppose f, g are polynomials in K[x]. Let M be the ideal generated by f
and g in K[x] and My be the ideal they generate in F[x]. Show that Mg and My have the same monic generator.

Solution:

Solution 1 We first note a general fact. Let E be any field. Let f, g € E[x] such that gcd(f, g) = k. Let h € E[x] be monic. We
claim ged(kf,kg) = kh in E[x]. Since gcd(f, g) = k, the ideal generated by f and g is the same as the ideal generated by k.
In other words fE[x] + gE[x] = kE[x]. Thus hfE[x] + hgE[x] = hkE[x]. Since h is monic by assumption and k is monic by
definition of gcd, it follows that ik is monic - and therefore hk satisifes the definition of ged(f, g) in E[x].

Now let & = gcd(f,g) in K[x]. So h € K[x] and h = fa + gb for some a,b € K[x]. And F u,v € K[x] such that f = uh
and g = vh. Once you can write the three equations & = fa + gb, f = uh and g = vh it follows that the ideal in K[x]
generated by f and g is the same as the ideal generated by A. That’s what it means for % to be the g.c.d. of f and g. But these
three equalities also hold in F[x] and consequently the ideal in F[x] generated by f and g is the same as the one generated by A.

Solution 2 This might be easier if they had formalized what is discussed informally on page 132 after the proof of Theorem 7.
What they are describing is the so-called “eucidean algorithm”. If you have two polynomials f and g and say deg(f) > deg(g).
Then you divide g into f and take the remainder » € K[x]. That remainder is also in the ideal generated f and g. Then replace
f and g with g and r and do the same thing, divide r into g and the remainder has degree less than r. Eventually you must
arrive at a remainder equal to zero or of degree equal to zero (i.e. a scalar). If the remainder is zero then the previous remainder
generates the ideal (f, g) in K[x]. If the remainder is a non-zero scalar then the ideal contains 1 and therefore (f, g) = K[x].
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The euclidean algorithm allows us to always find the gcd in a finite number of steps.

Once we have the euclidean algorithm, all we need to do to solve this problem is to note that all operations in the euclidean
algorithm happen in K[x] and so if K C F then in F[x] the same operations will lead to the same generator which will
therefore still live in the smaller ring K[x].

Section 4.5: The Prime Factorization of a Polynomial

Page 137: In the proof of Theorem 11, they definitely use the product and chain rules for derivatives. I don’t believe those
have ever been proven or even stated. The product rule was actually proven as part of Exercise 9 part (e), from Section 4.2,
page 123.

Page 139: In Exercise 7 it says “Use Exercise 7”. They meant to say “Use Exercise 6”.

Exercise 1: Let p be a monic polynomial over the field F, and let f and g be relatively prime polynomials ovef F. Prove that
the g.c.d. of pf and pg is p.

Solution: I proved this in more generality as part of Exercise 7 of the previous section. That makes me think that was not the
solution they were looking for. Or maybe they want a proof here using prime factorization. Here are both proofs.

Solution 1 We use the definition of g.c.d. in terms of ideals. Since gcd(f, g) = 1, the ideal generated by f and g is the same
as the ideal generated by 1. In other words fF[x] + gF[x] = F[x]. Thus pfF[x] + pgF[x] = pF[x]. Since p is monic by
assumption, it follows that p satisifes the definition of gcd(f, g) in F[x].

Solution 2 We use the comments at the top of page 137. Factor into primes f = f}' ~~fjr"', g=g, g andp=p|--pf.
Since g.c.d.(f,g) = 1 none of the f;’s equal any of the g;’s. Thus the common factors of pf and pg are exactly the p;’s. In
other words the prime factorizations are

fp= 1’1...fjff.p’]1...pf({
gp frd gi‘l .. .glik . ptll .. .pl[{.
Since none of the f;’s equal any of the g;’s, it follows that g.c.d(f, g) = p’l‘ e ptf’ which equals p.

Exercise 2: Assuming the Fundamental Theorem of Algebra prove the following. If f and g are polynomials over the field
of complex numbers, then g.c.d(f, g) = 1 if and only if f and g have no common root.

Solution: By the Fundamental Theorem of Algebra, we can factor f and g all the way to linear factors
f=&—a)" - (x—a)™

g=x=b)" - (x=by™.

The roots of f are exactly ay,...,a, the roots of g are exactly by,...,b,. If gcd(f, g) = 1 then (by the comments at the top
of page 137) f and g have no common factors, and therefore a; # b; V i, j. Thus (by Corollary 1, page 128) f and g have no
common roots. And if f and g have no common roots then (by Corollary 1, page 128) none of the factors (x — g;) can equal
any of the factors (x — b;). Thus gcd(f, g) = 1.

Exercise 3: Let D be the differentiation operator on the space of polynomials over the field of complex numbers. Let f be a
monic polynomial over the field of complex numbers. Prove that

f=@=c) o (x-a)
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where ¢y, ..., c; are distinct complex numbers if and only if f and Df are relatively prime. In other words, f has no repeated
roots if and only if f and Df have no common root. (Assume the Fundamental Theorem of Algebra.)

Solution: First assume all ¢;’s are distinct. Then by Theorem 11, page 137, we know f and Df are relatively prime.

Now assume f and f’ are relatively prime. Then again by Theorem 11 we know f is a product of distinct irreducibles.
Since C is algebraically closed each of those irreducibles must be of the form x — a. It follows that f must be of the form
(x=c1)--(x = ¢, for distinct ¢y, . .., Cy.

Exercise 4: Prove the following generalization of Taylor’s formula. Let f, g, and & be polynomials over a subfield of the

complex numbers, with deg f < n. Then

1
OEDISTA QI

(Here f(g) denotes ‘f of g.”)

Solution: Since we are working over the base field C by Theorem 3 page 126 there is a natural isomorphism between the
algebra C[x] and the algebra of polynomial functions from C into C. Taylor’s Theorem is therefore also a theorem about
polynomial functions from C to C. So we may plug any complex numbers we want in for x and c in the statement of Taylor’s
Theorem and the equality remains valid. In particular we can subsitute g in for x and % in for c to obtain the desired formula.
We then simply translate over to the algebra C[x] via the isomorphism in Theorem 3 to obtain the corresponding result in C[x].

For the remaining exercises, we shall need the following definition. If f, g, and p are polynomials over the field F' with p # 0,
we say f is congruent to g modulo p if (f — g) is divisible by p. If f is congruent to g modulo p, we write

f=g (mod p).
Exercise 5: Prove for any non-zero polynomial p, that congruence modulo p is an equivalence relation.
(a) Itisreflexive: f = f (mod p).
(a) Itis symmetric: if f = g (mod p), then g = f (mod p).
(a) Itis transitive: if f = g (mod p) and g = h (mod p), then f = h (mod p).
Solution:

(a). In this case p must divide f — f which equals zero. But everything divides zero. Just take d = 0 and then p = d(f — f).
Thus f = f (mod p) is always true.

(b). Assume f = g (mod p). Then p divides f — g. Thus Ad s.t. f — g = pd. Letd’ = —d. Then g — f = pd’ thus p divides
g—f. Thus g = f (mod p).

(c). Assume f = g (mod p) and g = h (mod p). Then 3 d and d’ such that f — g = pd and g — h = pd’. Adding these two
equations gives f —h = pd + pd’. Letd” =d +d’. Then f — h = pd”. Thus f = h (mod p).

Exercise 6: Suppose f = g (mod p) and fi = g; (mod p).
(a) Prove that f + f; = g+ g, (mod p).
(b) Prove that ff; = gg; (mod p).

Solution:
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(a) By assumption there are polynomials d and d’ such that f — ¢ = pd and f; — g1 = pd’. Adding these two equations gives
f+fi—-g—-g =pd+ pd.Orequivalently (f + fi) — (g+ g1) = p(d +d’). Thus f + fi = g+ g, (mod p).

(b) By assumption there are polynomials d and d” such that f —g = pd and f; —g; = pd’. Now ffi—gg1 = fi—-gi1f+g1f -
881 = f(fi—g) +&1(f -8 = fpd +gpd = p(fd + gid). Thus p divides ffi — gg1. Thus ffi = gg1 (mod p).

Exercise 7: Use Exercise 6 to prove the following. If f, g, and p are polynomials over the field F and p # 0, and if f = g
(mod p), then h(f) = h(g) (mod p).

Solution: It follows from Exercise 6 part (b) that f = g (mod p) = f> = g*> (mod p) (since f = f (mod p)and g = g
(mod p)). By induction f" = g" (mod p) foralln =1,2,3,.... Letc € F. Then letting f] = g; = c we get cf = cg (mod p)
for any ¢ € F. Thus if h(x) = cx" we have shown the result is true. Thus the result is true for all monomials. Now we can
obtain the result on the sum of monomials using part (a) of Exercise 6. Since the general % is a sum of monomials, the general
result follows.

Exercise 8: If p is an irreducible polynomial and fg = 0 (mod p), prove that either f =0 (mod p) or g = 0 (mod p). Give
an example which shows that this is false if p is not irreducible.

Solution: fg = 0 (mod p) implies p divides fg. By the Corollary to Theorem 8, page 135, it follows that p divides f of p
divides g. Thus f =0 (mod p) or g =0 (mod p).
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Chapter 5: Determinants

Section 5.2: Determinant Functions

Exercise 1: Each of the following expressions defines a function D on the set of 3 X 3 matricces over the field of real numbers.
In which of these cases is D a 3-linear function?

(a) D(A) = Ajq +Axp + Ass;
(b) D(A) = (A1) + 3A11A%;
(¢) D(A) = Aj1A12A33;

(d) D(A) = A13AnA3 + 5A12A2A3;

(e) D(A) = 0;
(H DA) =1,
Solution:

(a) No D is not 3-linear. Let

A=

S O
S = O

0
0.
1

Then if D were 3-linear then it would be linear in the first row and we’d have to have D(A) = D(I) + D(I). But D(A) = 4 and
D(I) = 3, so D(A) # D(I) + D(I).

(b) No D is not 3-linear. Let A be the same matrix as in part (a). Then D(A) = 10 and D(I) = 4, so D(A) # D(I) + D).

(c) No D is not 3-linear. Let

s

Il
S oW
o oW
—_ o O

[ 1 1
B=|0
0

Then if D were 3-linear we’d have to have D(A) = D(B) + D(B). But D(A) = 4 and D(B) = 1. Thus D(A) # D(B) + D(B).

=)
— O O

(d) Yes D is 3-linear. The two functions A — Aj3A,A3, and A — 5A,A5,A3; are both 3-linear by Example 1, page 142. The
sum of these two functions is then 3-linear by the Lemma on page 143. Since D is exactly the sum of these two functions, it
follows that D is 3-linear.

109
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(e) Yes D is 3-linear. We must show (5-1) on page 142 holds for all matrices A. But since D(A) = 0 V A, both sides of (5-1)
are always equal to zero. Thus (5-1) does hold V A.

(f) No D is not 3-linear. Let A be the matrix from part (a) again. Then D(A) = 1 but D(I)+ D(I) = 2. Thus D(A) # D(I)+ D(I).
Thus D is not 3-linear.

Exercise 2: Verify directly that the three functions E;, E,, E; defined by (5-6), (5-7), and (5-8) are identical.
Solution:

E((A) = A11(ApAsz3 — ApAz) — As1(A1pAs3 — A13A3) + A31(A12A23 — A3A2)
= AnAnAsz — A11A3Az — A21ApAss + A A13A3 + A31A1pAy — A31A13A0.

term 1 term 2 term 3 term 4 term 5 term 6

Ey(A) = —A12(A21A33 — A23A31) + An(A11A33 — A3Aszy) — A3 (A1Ax — A3Agy)
= —ApA21A33 + A1pA23A3 + AnA1Ass — ApAi3Az — AnA11Axn + AnAAs.

term 3 term 5 term 1 term 6 term 2 term 4

E3(A) = A13(A21A3 — AnAszp) — Ap(A11A3 — ApAs)) + As3(A1Az — ApAgy)
= A;3Ar1A3 — A13A0A31 — ApzAj1Asy + Ap3ApAs + AzzA1Axn — A3ApA).

term 4 term 6 term 2 term 5 term 1 term 3

I’ve expanded the three expressions and labelled corresponding terms. We see each of the six terms appears exactly once in

each expansion, and always with the same sign. Therefore the three expressions are equal.

Exercise 3: Let K be a commutative ring with identity. If A is a 2 X 2 matrix over K, the classical adjoint of A is the 2 X 2
matrix adj A defined by

. Ap —Ap
adjA = .
! [ -An  An ]

If det denotes the unique determinant function on 2 X 2 matrices over K, show that
(a) (adj A)A = A(adj A) = (detA)I;
(a) det(adj A) = det(A);
(a) adj (A") = (adj A)".

(A" denotes the transpose of A.)
Solution:

(a)

(adi A)A:[ Ay  —Ap H Ay Ap ]

-Ay  An Ay Ap

_| AnAn-ApAy ApAn - Apdxn
—ApAy + ApjAy —ApAy + Ay

_| AnAn —ApAy 0
0 Aj1Axp — ApAg
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[ detta) 0
10 det(d) |

| A A An —Ap
Aladj4) = [ Ay Ax H -Ay An

_| AnAn —ApAy —AnAp +ApAy
Ar1Axy — AnAr —AyApn + ApAy

[ deta) 0
=l 0 dewa) |
Thus both (adj A)A and A(adj A) equal (detA)l.
(b)
. Ay  —Ajp
det(adj A) = det
etati = G250 )
=AnAxn —ApAy
— det(A).
(©) t
. (|l A A
dj(A") = ad
i) =aaif| 40 42 )
(] A Ax
=ad
il 2 )
Ay —Ajy
= 34
[—An An ] (34)
And .
A A
dA t — d 11 12
(adjA) (aJ[A21 Asy
_| An  -An
—Ay  Aqn
Ay Ay
= 35
[—An An ] (3)

Comparing (34) and (35) gives the result.

Exercise 4: Let A be a 2 X 2 matrix over a field F. Show that A is invertible if and only if detA # 0. When A is invertible,
give a formula for A~!.

Solution: We showed in Example 3, page 143, that det(A) = A;1 Az — A12Az;. Therefore, we’ve already done the first part in
Exercise 8 of section 1.6 (page 27). We just need a formula for A~'. The formula is

Al = 1 Ay  —Ajp
det(4) | A A |’

Checking:

det(A) | —Ax  Aq - —Ay Ay

1 An A | _ 1 Ay Ap Ay  —Ap
det(A) | A21 Ax '
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1 [AIIA22_A12A2I —A11A12+A12A11]

- det(A) | A21An —ApAy  —AxAp +AnAj
1 [ deta) 0
" det(A) 0  det(4)

o 7]

Exercise 5: Let A be a 2 X 2 matrix over a field F, and suppose that A> = 0. Show for each scalar c¢ that det(cI — A) = ¢?.
Solution: One has to be careful in proving this not to use implications such as 2x = 0 = x = 0; or x> + y = 0 = y = 0. These

implications are not valid in a general field. However, we will need to use that fact that xy = 0 = x = 0 or y = 0, which is
true in any field.

LetA:[x Y ].Then
z w

X +yz  xy+yw

A2 = 2
XZ+wz yz+w
If A% = 0 then
X +yz=0 (36)
yx+w)=0 37
Z2(x+w)=0 (38)
yz+w? = 0. (39)
c—x -y 5
Now det(cl — A) = det r e—w =(c-x)(c—-w)—-yz=c"—c(x+w)+xw—yz.
Thus
det(cl — A) = ¢ = c(x + w) + det(A). (40)
. x 0 2 P 0 e 0
Suppose x +w # 0. Then (37) and (38) imply y = z = 0. Thus A = 0wl But then A = 0 w | So if A = 0 then

it must be that also x = w = 0, which contradicts the assumption that x + w # 0.

Thus necessarily A? = 0 implies x + w = 0. This implies A = [ )ZC _y . ] Thus det(A) = —x? — yz, which equals zero by (36).
Thus A2 =0 implies x + w = 0 and det(A) = 0. Thus by (40) A2=0 implies det(cl — A) = 2.

Exercise 6: Let K be a subfield of the complex numbers and »n a positive integer. Let ji,..., j, and ki, ..., k, be positive
integers not exceeding n. For an n X n matrix A over K define

D(A) = A(j1, kD)A(ja, k2) - - A(jins k).
Prove that D is n-linear if and only if the integers ji, ..., j, are distinct.

Solution: First assume the integers j, ..., j, are distinct. Since these n integers all satisfy 1 < j; < n, their being distinct nec-
essarily implies {ji, ..., ju} = {1,2,3,...,n} Thus A(ji, k1)A(j2, k2) - - - A(jin, ky) is just a rearrangement of A(1, k1)A(2, k2) - - - A(3, k).
It follows from Example 1 on page 142 that A(ji, k1)A(j2, ko) - - - A(jn, ky,) 1s n-linear.

Now assume two or more of the j;’s are equal. Assume without loss of generality that j; = j, = --- = j, = 1 where € > 2.
Let A be the matrix with all 2’s in the first row and all ones in all other rows. Let B be the matrix of all 1’s. Then D(A) = 2¢
and D(B) = 1. Since D is n-linear it must be that D(A) = D(B) + D(B). But £ > 1 = 2¢ # 2. Thus D(A) # D(B) + D(B) and
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D is not n-linear.

Exercise 7: Let K be a commutative ring with identity. Show that the determinant function on 2 X 2 matrices A over K is
alternating and 2-linear as a function of the columns of A.

Solution:

rcy+cy d

ray+a, b ]

= (ray + ap)d — (rcy + ¢2)b
=rayd + ard — rc1b — c2b

= r(ad — bcy) + (ard — bc)

:rdet[a1 + det @ b}.

b
C1 d C d

Likewise

a rb1+b2
det[ c rdi+d ]

= a(rd1 + dz) - (rbl + by)c
= rad, + ady — rcb; — cby

= (rad; — rcby) + (ad, — cby)

_ a b1 a b2
—rdet[ ¢ d + det s ]
Thus the determinant function is 2-linear on columns. Now
a b
det[ ¢ d }
=ad — bc
= —(bc — ad)
= —det[ b d }
a ¢

Thus the determinant function is alternating on columns.

Exercise 8: Let K be a commutative ring with identity. Define a function D on 3 X 3 matrices over K by the rule

Axn Az Az Az Ay Axn
D(A) = Ay det —-A +A .
) =4u [ Axn Az ] 12[ Az Az } 13[ Az Az ]

Show that D is alternating and 3-linear as a function of the columns of A.

Solution: This is exactly Theorem 1 page 146 but with respect to columns instead of rows. The statement and proof go
through without change except for chaning the word “row” to “column” everywhere. To make it work, however, we must
know that det is an alternating 2-linear function on columns of 2 X 2 matrices over K. This is exactly what was shown in the
previous exercise.

Exercise 9: Let K be a commutative ring with identity and D and alternating n-linear function on n X n matrices over K.
Show that

(a) D(A) = 0, if one of the rows of A is 0.
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(b) D(B) = D(A), if B is obtained from A by adding a scalar multiple of one row of A to another.

Solution: Let A be an n X 7n matrix with one row all zeros. Suppose row «; is all zeros. Then @; +a; = «;. Thus by the linearity
of the determinant in the i row we have det(A) = det(A) + det(A). Subtracting det(A) from both sides gives det(A) = 0.

Now suppose B is obtained from A by adding a scalar multiple of one row to another. Assume row §; of B equals a; + ca;

where «; is the i row of A and a; is the j". Then the rows of B are a1, ..., @1, @; + CQj, Wis1, ..., Q. Thus
det(B) = det(a/l, e @in1, @ T 0, g, - ,a'n)
=det(ay,...,qi1, @ + cQj, Aig1, . . ., Ap)
=det(ay,...,qi 1, ®, A1, ..., @) + - det(@r, ..., A1, X, Ajg 1, - - ., Ay).

The first determinant is det(A). And by the first part of this problem, the second determinant equals zero, since it has a
repeated row «;. Thus det(B) = det(A).

Exercise 10: Let F be a field, A a 2 x 3 matrix over F, and (c;, ¢2, ¢3) the vector in F> defined by

A Ap
Ap An

’

_| Az An
Ay A

_|An A
Ay Ap

-

Show that
(a) rank(A) = 2 if and only if (¢, ¢z, c3) # 0;
(b) if A has rank 2, then (cy, ¢, ¢3) is a basis for the solution space of the system of equations AX = 0.

Solution: We will use the fact that the rank of a 2 X 2 matrix is 2 < the matrix is invertible < the determinant is non-zero.
The first equivalence follows from the fact that a matrix M with rank 2 has two linearly independent rows and therefore the
row space of M is all of F? which is the same as the row space of the identity matrix. Thus by the Corollary on page 58 M is
row-equivalent to the identity matrix, thus by Theorem 12 (page 23) it follows that M is invertible. The second equivalence
follows from Exercise 4 from Section 5.2 (page 149).

(a) If rank(A) = 0 then A is the zero matrix and clearly ¢; = ¢; = ¢3 = 0.

If rank(A) = 1 then the second row must be a multiple of the first row. This is then true for each of the 2 x 2 matrices

A Ap Az An Ay Ap @1
Apn Ay |’ Ay Ay |’ Ay Ap

because each one is obtained from A by deleting one column (and in the case of the second one, switching the two remaining
columns). Thus each of them has rank < 1. Therefore the determinant of each of these three matrices is zero. Thus (cq, ¢z, ¢3)
is the zero vector.

If rank(A) = 2 then the second row of A is not a multiple of its first row. We must show the same is true of at least one of the
matrices in (41). Suppose the second row is a multiple of the first for each matrix in (41). Since each pair of these matrices
shares a column, it must be the same multiple for each pair; and therefore the same multiple for all three, call it c¢. Therefore
the seond row of the entire matrix A is ¢ times the first row, which contradicts our assumption that rank(A) = 2. Thus at least
one of the matrices in (41) must have rank two and the result follow.

(b) Identify F3 with the space of 3 x 1 column vectors and F? the space of 2 x 1 column vectors. Let T : F3 — F? be the linear
transformation given by 7X = AX. Then by Theorem 2 page 71 (the rank/nullity theorem) we know rank(7") + nullity(7) = 3.
It was shown in the proof of Theorem 3 page 72 (the third displayed equation in the proof) that rank(7") = column rank(A).
And nullity(7') is the solution space for AX = 0. Thus column rank(A) plus the rank of the solution space of AX = 0 equals
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three. Thus if rank(A) = 2 then the rank of the solution space of AX = 0 must equal one. Thus a basis for this space is any
non-zero vector in the space. Thus we only need show (cy, ¢z, ¢3) is in this space. In other words we must show

¢
[An Aqp A13} !

c, | =0.
Ay Ap Axp Ci

It feels like we’re supposed to apply Exercise 8 to the following matrix

Ay Ap A
A Ap A |,
Ay Ap Axp

but the problem with that is that we do not know that an alternating function on columns is necessarily zero on a matrix with
a repeated row. That is true, but rather than prove it, it’s easier just prove this directly

c1 = ApAxy — ApAi;s

c1 = A3Ay — A1Azs
c1 = AnAxn — ApAs.

Therefore
c
Ay A Agp c;
Ay Axn A :
3

_| Anci+Anc +Aies
Azic1 + Axncy + Axcs

Expanding the first entry
Ancr +Ancy + Apses

=A11(A1pAx — ApAi3) + A1p(A13Ar — Aq1An3) + A13(A11A2 — ApAr)
=A11A12A2 — A11A0nA 13 — ApA3Ar — ApA11Ax + A13A11An — AzApAg

matching up terms we see everything cancels.

= A11A121Az3 —A1AnA13 — ApA3Ar — ApA1Axs + AA1An — AzApAy = 0.

term term 2 term 3 term 1 term 2 term 3

Expanding the second entry
Azicr +Ancy + Axcs

= A21(A12Ax — ApAi3) + An(A13Ar — Aj1A23) + Axz(A11Ax — ApA2)
= A21A 1A — A21AnA13 + ApnA13Ar — ApAi1Axz + Ap3A1Ayn — AzApAn

matching up terms we see everything cancels.

= A2 A1pAx — Ay A Az + ApAi3Ar — ApA11Ax + AzA1Axn — ApAipAr = 0.

term 1 term 2 term 2 term 3 term 3 term 1

Section 5.3: Permutations and the Uniqueness of Determinants
Exercise 9: Let n be a positive integer and F' a field. If o is a permutation of degree n, prove that the function

T(xt,..., %) = (Xots -+ Xon)

is an invertible linear operator on F™".

Solution:
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Chapter 6: Elementary Canonical Forms

Section 6.2: Characteristic Values
Exercise 1: In each of the following cases, let T be the linear operator on R?> which is represented by the matrix A in
the standard ordered basis for R?, and let U be the linear operator on C? represented by A in the standard ordered basis.

Find the characyteristic polynomial for 7" and that for U, find the characteristic values of each operator, and for each such
charactersistic value ¢ find a basis for the corresponding space of characteristic vectors.

R

48]

x—1 0]

Solution:
xI-A= [ 0 X
The characteristic polynomial equals [x/ — A| = x(x — 1). Soc¢; =0, ¢; = 1. A basis for W is {(0, 1)}, a; = (0,1). A basis

for W, is {(1,0)}, a» = (1,0). This is the same whether the base field is R or C since the characteristic polynomial factors
completely.

IxI — Al =

x—-2 =3
1 x—1

=(x-2)(x—-1)+3=x*-3x+5. Thisis a parabola opening up with vertex (3/2, 11/4). Thus there are no real roots. Using

@ and ¢, = 3—7@ To find the a characteristic vector for ¢; we solve

—1+2‘mi 3 X B 0
-1 l+\2/ﬁi y o |’

This gives the characteristic vector a; = (“Tm, 1). To find the a characteristic vector for ¢, we solve

(=,

the quadratic formula ¢; =

This gives the characteristic vector @, =

117
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11
Sl
x; 1 xl 1 = 0 for which @y = (1,-1). And ¢, = 2 for which ap = (1, 1).
This is the same in both R and C since the characteristic polynomial factors completely.

|xI —A| = =(x-12-1=x(x-2). Soc;

Exercise 2: Let F be an n-dimensional vector space over F. What is the characteristic polynomial of the identity operator on
V? What is the characteristic polynomial for the zero operator?

Solution: The identity operator can be represented by the n X n identity matrix /. The characteristic polynomial of the iden-
tity operator is therefore (x — 1)". The zero operator is represented by the zero matrix in any basis. Thus the characteristic

polynomial of the zero operator is x".

Exercise 3: Let A be an n X n triangular matrix over the field . Prove that the characteristic values of A are the diagonal
entries of A, i.e., the scalars A;;.

Solution: The determinant of a triangular matrix is the product of the diagonal entries. Thus [xI — A| = [](x — a;).

Exercise 4: Let T be the linear operator of R which is represented in the standard ordered basis by the matrix

9 4 4
-8 3 4 |.
~16 8 7

Prove that T is diagonalizable by exhibiting a basis for R3, each vector fo which is a characteristic vector of T'.

Solution:
—4
—4
x=7

x+9 -4
8 x—3
16 -8

|xI — Al =

-4
-4
x=17

x+9 0
8 x+1
16 —x-1

x+9 0
=(x+1)| 8 1
16 -1

x+9 0
=(x+1| 8 1
24 0

x+9

=@+,

=X+ D[ +Dx-11D)+96]=(x+ Dx*-2x-3)=(x+ Dx—=3)(x+1) = (x+ D*(x—=3). Thus ¢; = -1, ¢, = 3. For ¢y,

—4
—4
-8

xI — A equals

-4
—4
-8

8
8
16

-4
-4
x—17
-4
-4
x—11

_4‘

x—11
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This matrix evidently has rank one. Thus the null space has rank two. The two characteristic vectors (1,2,0) and (1,0, 2) are
independent, so they form a basis for W;. For ¢,, xI — A equals

8 0 -4
16 -8 -4

~12 -4 —4}

This is row equivalent to

0 0 0

Thus the null space one dimensional and is given by (z/2,z/2,z). So (1, 1,2) is a characteristic vector and a basis for W,. By
Theorem 2 (ii) T is diagonalizable.

1 -0 —1/2
=[0 1 -1/2\

Exercise 5: Let

6 -3 -2
4 -1 -2].
10 -5 -3

Is A similar over the field R to a diagonal matrix? Is A similar over the field C to a diagonal matrix?

Solution:

-10 5 x+3

x—06 3 2
—x+2 x-=-2 0
-10 5 x+3

x—6 3 2
=x-2)| -1 1 0
-10 5 x+3
x—3 3 2
=x-2)| O 1 0
-5 5 x+3

= (x—2)((x=3)(x+3)+ 10) = (x—2)(x>+ 1). Since this is not a product of linear factors over R, by Theorem 2, page 187, A is
not diagonalizable over R. Over C this factors to (x —2)(x —i)(x +i). Thus over C the matrix A has three distinct characteristic
values. The space of characteristic vectors for a given characteristic value has dimension at least one. Thus the sum of the
dimensions of the W;’s must be at least n. It cannot be greater than n so it must equal n exactly. Thus A is diagonalizable over C.

Exercise 6: Let T be the linear operator on R* which is represented in the standard ordered basis by the matrix

0 0 0O

a 0
0 b
0 0

o OO

0
0
0

Under what conditions on a, b, and ¢ is T diagonalizable?

Solution:
x 0 0 O
-a x 0 O
ME=A1=10 5 x o
0 0 - x
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= x*. Therefore there is only one characteristic value ¢; = 0. Thus ¢;/ — A = A and W is the null space of A. So A is
diagonalizable & dim(W) = 4 & A is the zero matrix © a=b =c = 0.

Exercise 7: Let T be the linear operator on the n-dimensional vector space V, and suppose that 7 has n distinct characteristic
values. Prove that T is diagonalizable.

Solution: The space of characteristic vectors for a given characteristic value has dimension at least one. Thus the sum of the
dimensions of the W;’s must be at least n. It cannot be greater than n so it must equal n exactly. Thus by Theorem 2, T is
diagonalizable.

Exercise 8: Let A and B be n X n matrices over the field F. Prove that if (/ — AB) is invertible, then I — BA is invertible and
(I-BA)™ ' =1+B(I-AB)'A.
Solution:
(I - BA)YI + B - AB)"'A)
=1—-BA+B(I-AB)'A-BAB(I - AB)'A
=I-BA-(U-AB)'A+AB( - AB)'A)
=]-B(I-(U-AB)' +AB(I -AB)'A
=I1-B(I-U-AB{I-AB)'HA
=1-B(I-DA
=1

Exercise 9: Use the result of Exercise 8§ to prove that, if A and B are n X n matrices over the field F, then AB and BA have

precisely the same characteristic values in F.

Solution: By Theorem 3, page 154, det(AB) = det(A) det(B). Thus AB is singular & BA is singular. Therefore O is a charac-
teristic values of AB < 0 is a characteristic value of BA. Now suppose the characteristic value ¢ of AB is not equal to zero.

by #8
Then |cl — AB| = 0 & ¢"|[[ - LAB| = 0 & "l - 1BA| = 0 & |c] — BA| = 0.

Exercise 10: Suppose that A is a 2 X 2 matrix with real entries which is symmetrix (A’ = A). Prove that A is similar over R to
a diagonal matrix.

Solution: A = a b .So |xI —A| = x-a b
c d b x-a

If b = 0 then A is already diagonal. If b # O then ¢; # ¢; so by Exercise 7 A is diagonalizable.

=(x—al -0 =x-a-b)(x—a+b).Soci=a+b,c; =a=b.

Exercise 11: Let N be a 2 x 2 complex matrix such that N> = 0. Prove that either N = 0 or N is similar over C to
0 0
1 0}

Z ] Now N2 = 0 = [ (Cl ] [ Z ] are characteristic vectors for the characteristic value 0.

S

Solution: Suppose N = [ c

If [ Z ], [ Z ] are linearly independent then W, has rank two and N is diagonalizable to 8 8 . If PNP~' = 0 then

N = P7'0P = 0 so in this case N itself is the zero matrix. This contradicts the assumption that [ Z }, [ Z ] are linearly

independent.
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So we can assume that [ LCI ], [ Z ] are linearly dependent. If both equal the zero vector then N = 0. So we can assume at least

one vector is non-zero. If Z is the zero vector then N = Z 0 ] SoN?=0=a*=0—-a=0.Thus N = [ Ccl 8 ] In

this case N is similar to N = [ (1) ] via the matrix P = [ 8 ? ] Similary if CCl is the zero vector, then N? = 0 implies
2 . . 0 b . .. 0 0 . . 0 1 L.

d” = 0impliesd = 0so N = O ol In this case N is similar to N = b 0 via the matrix P = 1 ol which is
... 00

simiilar to 1 0 as above.

. a b |. . .
By the above we can assume neither [ e 1o 4 ] is the zero vector. Since they are linearly dependent we can assume

[b ]zx[ “ }soNz[ @ ax ].SON2=Oimplies
d c c cx

ala + cx) =
cla+cx) =
ax(a+cx)=0

cx(a+ cx) =

=)
)

We know that at least one of a or c is not zero. If a = 0 then since ¢ # 0 it must be that x = 0. So in this case N = [ ¢ 0 }

which is similar to (1) 8 ] as before. If a # 0 then x # 0 else a(a + cx) = 0 implies a = 0. Thus a + cx = 0 so

| a  ax o o Vx a o 0.
N = [ —a/x -a ] Th1s1ss1m11arto[ o }VlaP—[ 0 l/\/_ ] And[ _ }1551m11art0[ “a 0 ]wa
-1 -1 . L 0 0
P= 1o | And this finally is similar to 1o |3 before.

Exercise 12: Use the result of Exercise 11 to prove the following: If A is a 2 X 2 matrix with complex entries, then A is similar
over C to a matrix of one of the two types
a 0 a 0
oa| el

Solution: Suppose A = [ (Cl Z ] Since the base field is C the characteristic polynomial p(x) = (x — ¢c1)(x — ¢2). If ¢1 # ¢
then A is diagonalizable by Exercise 7. If ¢; = ¢, then p(x) = (x — ¢1)?. If W has dimension two then A is diagonalizable by
Theorem 2. Thus we will be done if we show that if p(x) = (x — ¢;)* and dim(W,) = 1 then A is similar to [ Cll 2 ]

We will need the following three identities:

2 o]z 8] el 2]
235 ] e[

a b a xb . Vx 0
[c d}N[c/x d] v1ap:[ 0 l/\/)—c}forxio. (44)



122 Chapter 6: Elementary Canonical Forms

a bcld

Now we know in this case that A is not diagonalizable. If d # O then [ (Cl Z ] ~ [ d d

a—bc/d 0
—a+2bc/d d } by (43).

] by (44) with x = c¢/d and this
in turn is similar to [

Now we know the diagonal entries are the characteristic values, which are equal. Thus a — %" = d. So this equals [ ;Z 2 ]

where x = —a + % and we know x # 0 since A is not diagonalizable. Thus A ~ [ d 0 ] by (42). Now suppose d = 0. Then

1 d
a b 0 ¢ | . 0 1 a 0 . . .
A—[ c 0 ]~[ b a ]v1ap—[1 0 ] Ifb—OthenA—[ c 0 and again since A has equal characteristic values it
00

must be thata = 0. So A =[
c 0

and we can argue exact as above were d # 0.

which is similar to 00 via P = c 0 . So assume b # 0. Then A ~ 0 ¢
1 0 0 1 b a

Exercise 13: Let V be the vector space of all functions from R into R which are continuous, i.e., the space of continuous
real-valued functions on the real line. Let 7 be the linear operator on V defined by

(TH)(x) = f f(@oydt.
0
Prove that T has no characteristic values.

Solution: Suppose A c such that Tf = cf V f. Then fox f(®dt = cf(x). Let f(x) = 1. Then we must have fox ldt = c- 1,
which imples x = c. In other words this implies the functions f(x) = x and g(x) = c are the same, which they are not because
one is constant and the other is not. This therefore is a contradiction. Thus it is impossible that 3 ¢ such that Tf = cf V f.
Thus T has no characteristic values.

Exercise 14: Let A be an n X n diagonal matrix with characteristic polynomial
(x—c) - (x = e,

where cy, ..., c; are distinct. Let V be the space of n X n matrices B such that AB = BA. Prove that the dimension of V is
>+ +d>.
1 k

Solution: Write

[ 6‘11
6‘21 0
A=
0
CkI
Write
Bi1 B2 Bk
By Bxp By
B= .
Bii Br By
where B;; has dimenson d; X d;. Then AB = BA implies
ciBir ¢Bip -+ By ciBir By -+ aBui
2By By - By c1Byy By - By

B B -+ B ciBu B -+ Bk
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Thus ¢; # cj fori # jimplies B;; = 0 for i # j, while By, B2y, ..., By can be arbitrary. The dimension of B;; is therefore dl.2
thus the dimension of the space of all such B;;’s is d% + d + - - + d;.

Exercise 15: Let V be the space of n X n matrices over F. Let A be a fixed n X n matrix over F. Let T be the linear operator
‘left multiplication by A’ on V. Is it true that A and T have the same characteristic values?

Solution: Yes. Represent an element of V as a column vector by stacking the columns of V on top of each other, with the

A
A 0
first column on top. Then the matrix for T is given by ) . By the argument on page 157 the determinant of

0
A
this matrix is det(A)". Thus if p is the characteristic polynomial of A then p” is the characteristic polynomial of 7. Thus they
have exactly the same roots and thus they have exactly the same characteristic values.

Section 6.3: Annihilating Polynomials
Page 198: Typo in Exercise 11, “Section 6.1 should be “Section 6.2”.

Exercise 1: Let V be a finite-dimensional vector space. What is the minimal polynomial for the identity operator on V? What
is the minimal polynomial for the zero operator?

Solution: The minimal polynomial for the identity operator is x — 1. It annihilates the identity operator and the monic zero
degree polynomial p(x) = 1 does not, so it must be the minimal polynomial. The minimal polynomial for the zero operator is
x. It is a monic polynomial that annihilates the zero operator and again the monic zero degree polynomial p(x) = 1 does not,

so it must be the minimal polynomial.

Exercise 2: Let a, b and ¢ be tlements of a field F, and let A be the following 3 X 3 matrix over F:

A=

S~ O

0
0
1

ISEIAN o

Prove that the characteristic polynomial for A is x* — ax> — bx — ¢ and that this is also the minimal polynomial for A.

Solution: The characteristic polynomial is

x 0 —c x 0 —c X e
-1 x -b |=|-1 0 xX*-ax-b|=1- _1 xz_ax_b‘sz—axz—bx—c.
0 -1 x-a 0 -1 xX—a
Now forany r,s € F/
0 ¢ ac 0 0 rc s 0 0
A’+rA+s=|0 b c+ba |+| 7 O b [+ 0 s 0O
1 a b+d® 0O r ra 0 0 s
s c ac +rc

r b+s ¢+ ba+ br # 0.

1 a+r b+d*+ra+s

Thus f(A) # 0 for all f € F[x] such that deg(F) = 2. Thus the minimum polynomial cannot have degree two, it must therefore
have degree three. Since it divides x* — ax?> — bx — ¢ it must equal x* — ax*> — bx — c.



Chapter 6: Elementary Canonical Forms
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Exercise 3: Let A be the 4 X 4 real matrix
1 1 0 0
-1 -1 0 O
-2 -2 2 1

Show that the characteristic polynomial for A is x*>(x — 1)? and that it is also the minimal polynomial.

Solution: The characteristic polynomial equals

x—1 -1 0 0
1 x+1 0 0| _
2 2 x—2 -1
-1 -1 1 x

x—1 -1

1 et by (5-20) page 158

x—=2 -1
1

l .

=2 =2x+ 1) =2 (x- 1%

The minimum polynomial is clearly not linear, thus the minimal polynomial is one of (=12, X2(x=1), x(x=1)? or x(x—1).
We will plug A in to the first three and show it is not zero. It will follow that the minimum polynomial must be x*(x — 1)%.

0O 0 0 o0
o |0 0 0 o0
A=l 3 3 3
2 2 -2 -
0 1 0 o0
-1 =2 0 0
A-1= -2 -2 1 1
1 1 -1 -1
and
-1 =2 0 0]
2 3 00
2 _
A=D"=\"1 1 0 o
0 0 0 0]
Thus
0 0 0 O
) 1o o 0
AXa-n=| - | | | |#0
1 1 -1 -1
1 1 00
» | -1 -1 00
AA=-D"=| o ¢ o o |*©
0 0 0 0
and
-1 -1 0 0
1 1 0 0
AA-D=| | | | | |*O

Thus the minimal polynomial must be x>(x — 1).

Exercise 4: Is the matrix A of Exercise 3 similar over the field of complex numbers to a diagonal matrix?
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Solution: Not diagonalizable, because for characteristic value ¢ = 0 the matrix A — ¢/ = A and A is row equivalent to

1 1.0 0
0010
0 0 0 1
00 00

which has rank three. So the null space has dimension one. So if W is the null space for A — ¢l then W has dimension one,
which is less than the power of x in the characteristic polynomial. So by Theorem 2, page 187, A is not diagonalizable.

Exercise 5: Let V be an n-dimensional vector space and let T be a linear operator on V. Suppose that there exists some
positive integer k so that T¥ = 0. Prove tht 7" = 0.

Solution: 7% = 0 = the only characteristic value is zero. We know the minimal polynomial divides this so the minimal poly-
nomial is of the form ¢” for some 1 < r < n. Thus by Theorem 3, page 193, the characteristic polynomial’s only root is zero,
and the characteristic polynomial has degree n. So the characteristic polynomial equals #*. By Theorem 4 (Caley-Hamilton)
" =0.

Exercise 6: Find a 3 x 3 matrix for which the minimal polynomial is x°.

Solution: If A> = 0 and A # 0 then the minimal polynomial is x or x>. So any A # 0 such that A> = 0 has minimal polynomial
x*. E.g.

0 0 0
A=|11 0 0
0 0 0

Exercise 7: Let n be a positive integer, and let V be the space of polynomials over R which have degree at most n (throw in
the O-polynomial). Let D be the differentiation operator on V. What is the minimal polynomial for D?

Solution: 1, x, x%,...,x" is a basis.
1-0
x> 1
2 2x
X' nx!
The matrix for D is therefore
01 00 0
00 2 0 0
0 0 0 3 0
0O 0 0 O0 --- n

Suppose A is a matrix such that a;; = 0 except when j = i + 1. Then A? has a;j = 0 except when j = i + 2. A3 has aij=0
except when j = i + 3. Etc., where finally A" = 0. Thus if a;; # 0¥ j = i + 1 then A* # 0 for k < n and A" = 0. Thus the
minimum polynomial divides x" and cannot be x* for k < n. Thus the minimum polynomial is x".

Exercise 8: Let P be the operator on R? which projects each vector onto the x-axis, parallel to the y-axis: P(x,y) = (x,0).
Show that P is linear. What is the minimal polynomial for P?
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Solution: P can be given in the standard basis by left multiplication by A = 10 ] Since P is given by left multiplication

00
by a matrix, P is clearly linear. Since A is diagonal, the characteristic values are the diagonal values. Thus the characteristic
values of A are 0 and 1. The characteristic polynomial is a degree two monic polynomial for which both 0 and 1 are roots.
Therefore the characteristic polynomial is x(x — 1). If the characteristic polynomial is a product of distinct linear terms then
it must equal the minimal polynomial. Thus the minimal polynomial is also x(x — 1).

Exercise 9: Let A be an n X n matrix with characteristic polynomial
f=G—c)t (- e
Show that

cidy + -+ + cpdy = trace(A).

d
|xI — A] = x> + (a + d)x + (ad — bc). The trace of A is a + d so we have established the claim for the case n = 2. Suppose true
forupton — 1. Letr = ax + as3 + - -+ + ay,. Then

Solution: Suppose A is n x n. Claim: |x/ — A| = x" + trace(A)x"~! + ---. Proof by induction: case n = 2. A = [ CCZ b }

X —dain as T Ain
as] X—dxy - Aazp
(23] Aap2 e X — dpn

Now expanding by minors using the first column, and using induction, we get that this equals
()C—(ln)()fnil —rx"72+--~)

—ay (polynomial of degree n — 2)
+as; (polynomial of degree n — 2)
e
= x" + (r + a;)x""! + polynomial of degree at most n — 2
=X — (A + -

Now if f(x) = (x = c)? - - (x — c)* then the coefficient of X"~ is ¢;d} + - - - cxd 50 it must be that ¢1d; + - - - cxdy = tr(A).

Exercise 10: Let V be the vector space of n X n matrices over the field F. Let A be a fixed n X n matrix. Let T be the linear
operator on V defined by

T(B) = AB.

Show that the minimal polynomial for 7 is the minimal polynnomial for A.

Solution: If we represent a n X n matrix as a column vector by stacking the columns of the matrix on top of each other, with
the first column on the top, then the transformation 7 is represented in the standard basis by the matrix

A
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And since

f(A)
fa 0
f(M) = .

J(A)

it is evident that f(M) =0 & f(A) = 0.

Exercise 11: Let A and B be n X n matrices over the field F. According to Exercise 9 of Section 6.2, the matrices AB and
BA have the same characteristic values. Do they have the same characteristic polynomial? Do they have the same minimal
polynomial?

Solution: In Exercise 9 Section 6.2 we showed |xI = AB| = 0 © |xI — BA| = 0. Thus we have two monic polynomials of
degree n with exactly the same roots. Thuse they are equal. So the characteristic polynomials are equal. But the minimum

. . 00 1 0 0 0 00
polynomials need not be equal. To see this let A —[ 10 }andB —[ 0 0 ] Then AB —[ 10 ]and BA —[ 0 0 }so

the minimal polynomial of BA is x and the minimal polynomial of AB is clearly not x (it is in fact x).

Section 6.4: Invariant Subspaces

Exercise 1: Let T be the linear operator on R2, the matrix of which in the standard ordered basis is
1 -1
A= [ - ] |

(a) Prove that the only subspaces of R? invariant under T are R? and the zero subspace.
(b) If U is the linear operator on C2, the matrix of which in the standard ordered basis is A, show that U has 1-dimensional
invariant subspaces.

_21 o2 |7 (x—1)(x=2)+2 = x*-3x+4. This is a parabola open-

ing upwards with vertex (3/2,7/4), so it has no real roots. If 7" had an invariant subspace it would have to be 1-dimensional
and T would therefore have a characteristic value.

Solution: (a) The charactersistic polynomial equals | T !

(b) Over C the characteristic polylnomial factors into two linears. Therefore over C, T has two characteristic values and
therefore has at least one characteristic vector. The subspace generated by a characteristic vector is a 1-dimensional subspace.

Exercise 2: Let W be an invariant subspace for 7. Prove that the minimal polynomial for the restriction operator Ty divides
the minimal polynomial for 7', without referring to matrices.

Solution: The minimum polynomial of Ty divides any polynomial f(#) where f(Tw) = 0. If f is the minimum polynomial
for T then F(T)v =0V v € V. Therefore, f(T)w =0V w e W. So f(Tw)w =0V w € W since by definition f(Tw)w = f(T)w

for w € W. Therefore, f(Tw) = 0. Therefore the minimum polynomial for Ty divides f.

Exercise 3: Let ¢ be a characteristic value of 7 and let W be the space of characteristic vectors associated with the character-
istic value ¢. What is the restriction operator Ty ?

Solution: For w € W the transformation 7'(w) = cw. Thus Ty is diagonalizable with single characteristic value c¢. In other
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words under which it is represented by the matrix

c
where there are dim(W) ¢’s on the diagonal.
Exercise 4: Let
0O 1 0
A=|2 -2 2
2 -3 2

Is A similar over the field of real numbers to a triangular matrix? If so, find such a triangular matrix.

Solution:
2 -2 2
A=l 0 0 0
-2 2 =2
And A3 = 0. Thus the minimal polynomial x* and the only characteristic value is 0. We now follow the constructive proof
1 -1
of Theorem 5. W = {0}, a; a characteristic vectorof Ais| O |. We need a, such that Aa, € {a}. ar = 1 | satisfies
-1 2
0
Aa2 = a;. Now need @3 such that Aa; € {a),a}. @3 = | 0 | satisfies Aaz = 2a; + 2a,. Thus with respect to the basis
1
01 2
{a1, @, @3} the transformation correspondingto Ais| 0 0 2
0 0 O

Exercise 5: Every matrix A such that A?> = A is siimilar to a diagonal matrix.

Solution: A> = A = A satisfies the polynomial x* — x = x(x — 1). Therefore the minimum polynomial of A is either x, x— 1 or
x(x—1). In all three cases the minimum polynomial factors into distinct linears. Therefore, by Theorem 6 A is diagonalizable.

Exercise 6: Let T be a diagonalizable linear opeartor on the n-dimensional vector space V, and let W be a subspace which is
invariant under 7. Prove that the restriction operator Ty is diagonalizable.

Solution: By the lemma on page 80 the minimum polynomial for Ty divides the minimum polynomial for 7. Now T di-
agonalizable implies (by Theorem 6) that the minimum polynomial for T factors into distinct linears. Since the minimum
polynomial for Ty divides it, it must also factor into distinct linears. Thus by Theorem 6 again Ty is diagonalizable.

Exercise 7: Let T be a linear operator on a finite-dimensional vector space over the field of complex numbers. Prove that T
is diagonalizable if and only if 7 is annihilated by some polynomial over C which has distinct roots.

Solution: If T is diagonalizable then its minimum polynomial is a product of distinct linear factors, and the minimal poly-
nomial annihilates 7. This proves “=”. Now suppose T is annihilated by a polynomial over C with distinct roots. Since
the base field is C this polynomial factors completely into distinct linear factors. Since the minimum polynomial divides this
polynomial the minimum polynomial factors completely into distinct linear factors. Thus by Theorem 6, T is diagonalizable.
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Exercise 8: Let T be a linear operator on V. If every subspace of V is invariant under T, then T is a scalar multiple of the
identity operator.

Solution: Let {@;} be a basis. The subspace generated by «; is invariant thus T'«; is a multiple of @;. Thus a; is a characteristic
vector since Ta; = c;a; for some ¢;. Suppose i, jsuch that¢; # ¢;. Then T(a; + @) = Ta; + Ta; = cija; + cja; = c(a; + ;).
Since the subspace generated by {«;, @;} is invariant under T'. Thus ¢; = ¢ and ¢; = ¢ since coeflicients of linear combinations
of basis vectors are unique. Thus T'a; = ca; ¥V i. Thus T is ¢ times the identity operator.

Exercise 9: Let T be the indefinite inntegral operator

(T f)x) = fo fdt

on the space of continuous functions on the interval [0, 1]. Is the space of polynomial functions invariant under 7? Ths space
of differentiable functions? The space of functions which vanish at x = 1/2?

Solution: The integral from O to x of a polynomial is again a polynomial, so the space of polynomial functions is invariant
under 7. The integral from O to x of a differntiable function is differentiable, so the space of differentiable functions is invari-
ant under 7. Now let f(x) = x — 1/2. Then f vanishes at 1/2 but fox f(Hdt = % 2 _ %x which does not vanish at x = 1/2. So
the space of functions which vanish at x = 1/2 is not invariant under 7.

Exercise 10: Let A be a 3 X 3 matrix with real entries. Prove that, if A is not similar over R to a triangular matrix, then A is
similar over C to a diagonal matrix.

Solution: If A is not similar to a tirangular matrix then the minimum polynomial of A must be of the form (x — ¢)(x* + ax + b)
where x? + ax + b has no real roots. The roots of x*> + ax + b are then two non-real complex conjugates z and z. Thus over C
the minimum polynomial factors as (x — ¢)(x — z)(x — Z). Since c is real, ¢, z and Z constintute three distinct numbers. Thus by
Theorem 6 A is diagonalizable over C.

Exercise 11: True or false? If the triangular matrix A is similar to a diagonal matrix, then A is already diagonal.

Solution: False. Let A = [ (1) (1) ] Then A is triangular and not diagonal. The characteristic polynomial is x(x — 1) which

has distinct roots, so the minimum polynomial is x(x — 1). Thus by Theorem 6, A is diagonalizable.

Exercise 12: Let T be a linear operator on a finite-dimensional vector space over an algebraically closed field F. Let f be a
polynomial over F. Prove that c is a characteristic value of f(T) if and only if ¢ = f(¢), where ¢ is a characteristic value of T'.

Solution: Since F is algebraically closed, the corollary at the bottom of page 203 implies there’s a basis under which T is
represented by a triangular matrix A. A = [a;;] where a;; = 0if i > jand the a;;, i = 1, ..., n are the characteristic values of T'.
Now f(A) = [b;;] where b;; = 0if i > jand b;; = f(a;) forall i = 1,...,n. Thus the characteristic values of f(A) are exactly
the f(c)’s where c is a characteristic value of A. Since f(A) is a matrix representative of f(7') in the same basis, we conclude
the same thing about the tranformation 7.

Exercise 13: Let V be the space of n X n matrices over F. Let A be a fixed n X n matrix over F. Let T and U be the linear
operators on V defined by

T(B) = AB
U(B) = AB — BA

(a) True or false? If A is a diagonalizable (over F), then T is diagonalizable.
(b) True or false? If A is diagonalizable, then U is diagonalizable.
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Solution: (a) True by Exercise 10 Section 6.3 page 198 since by Theorem 6 diagonalizability depends entirely on the mini-
mum polynomial.

(b) True. Find a basis so that A is diagonal
Cl

Cn

Let B = [b;;]. Then U(B) = AB — BA. The n® matrices B; j such that b;; # 0 and all other entries equal zero form a basis for
V. For any B,‘j, U(BU) = AB,‘j — B[jA = [d,'/jr] where d,'/jr = C,'rb,'/jr - Cj/b,‘rj/ = (C,'/ — er)b,'rjr. Thus d,"j/ #0 Ol'lly when i’ =i
and j' = j. Thus U(B;;) = (¢; — ¢;)B;j. So ¢; — ¢j is a characteristic value and B;; is a characteristic vector for all 7, j. Thus V
has a basis of characteristic vectors for U. Thus U is diagonalizable.

Section 6.5: Simultaneous Triangulation; Simultaneous Diagonliazation

Exercise 1: Find an invertible real matrix P such that P~'AP and P~! BP are both diagonal, where A and B are the real matrices

12 3 -8
@ Az[o 2]’ Bz[o —1]

11 1 a
®) A:[l 1]’ B:[a 1]'

Solution: The proof of Theorem 8 shows that if a 2 X 2 matrix has two characteristic values then the P that diagonalizes A
will necessarily also diagonalize any B that commutes with A.

(a) Characteristic polynomial equals (x — 1)(x —2). Soc; =1, ¢, = 2.
) 0 -2 I
“rlo —2|lo |7
) 1 -2 2|
2 to o || 1]7

.. (10
PAP_[OZ
0

e | 3
P BP—[O O

(b) Characteristic polynomial equals x(x —2). Soc; =0, ¢c; = 2.

SEEIRH

Son[_1 i]andP‘lz[_l/2 172 }

|
|

0
0
0
0

1 /2 1/2
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0

l-a
—1 _
P BP_[ 0 l+a

Exercise 2: Let ¥ be a commuting family of 3 X 3 complex matrices. How many linearly independent matrices can ¥
contain? What about the n X n case?

Solution: This turns out to be quite a hard question, so I’'m not sure what Hoffman & Kunze had in mind. But there’s a general
theorem from 1905 by I. Schur which says the answer is [%J + 1. A simpler proof was published in 1998 by M. Mirzakhani in
the American Mathematical Monthly. I have extracted the proof for the case n = 3 (which required also extracting the proof
for the case n = 2).

First we show:
The maximum size of a set of linearly independent commuting triangulizable 2 X 2 matrices is two ()

Suppose that {A;, A;, A3} are three linearly independent commuting upper-triangular 2 X 2 matrices. Let V be the space gen-
erated by {A;, A, A3}. So dim(V) = 3.

Write A; = [()LM] where N; is 1 X 2. Since dim(V) = 3 it cannot be that all three M;’s are zero. Assume WLOG that M; # 0.
Then M, = ¢, M; and M5 = c3M, for some constants ¢y, c;. Let B, = Ay — ¢3A; and Bz = Ay = ¢3A;. Then {B,, B3} are
lineraly independent in V.

Write B, = [0'—20] and B3 = [0’—*0] where {1,, 13} are linearly independent 1 X 2 matrices.

Similarly 3 B} and B} in V such that B, = [8 | té], B, = [% | t_;], where {f), £} are linearly independent.

Since B, B3, B, Bg are all in V, they all commute with each other. Thus t,-t;. =0Vij.

Let A be the 2 X 2 matrix [Z] Then rank(A) = 2 but Az, = 0 and Az, = 0 thus null(A) = 2. Therefore rank(A) + null(A) = 4.
But rank(A) + null(A) cannot be greater than dim(V) = 2. This contradiction imples we cannot have {A, A;, A3} all three be
commuting linearly independent upper-triangular 2 X 2 matrices. But we know we can have two commuting linearly indepen-

dent upper-triangular 2 X 2 matrices because [ (1) 8 ] , [ 8 (l) ] are such a pair.
We now turn to the case n = 3. Suppose ¥ is a commuting family of linearly independent 3 x 3 matrices with |¥| = 4. We
know 3 P such that P~'F P is a family of upper tirangular commuting matrices. Let V be the space generated by #. Then
dim(V) = 4. Let Ay, A, A3, A4 be a linearly independent subset of V. For each i 4 a 2 X 2 matrix M; and a 1 X 3 matrix N;
such that

Ni

=10
A b,

Since the A;’s commute, for 1 < i,j < 4 we have M;M; = M;M;. Suppose W is the vector space spanned by the set
{My, M, M3, M4} and let k = dim(W). We know by (x) that k < 2. Since {A, A, A3, A4} are independent we also know k > 1.

First assume k = 1. Then WLOG assume M, generates W. Then fori = 2, 3,4 A n; such that M; = n;M,. Fori = 2,3,4 define
B; = A; — n;A,. Since {A, A, A3, Ay} are linearly independent, {B,, B3, B4} are linearly independent and B; = [6] where ¢; is
1 x 3 and {t,, t3, t4} are linearly independent.

Now assume k = 2. Then WLOG assume M|, M, generate W. Then for each i = 3,4 A n;;, n;» such that M; = njy My + npM,.
For i = 3,4 define B; = A; —n;jA; —npA,. Then {A, A», A3, A4} linearly independent implies { B3, B4} are linearly independent
and fori = 3,4, B; = 6] where ¢; is 1 X n. Since {B3, B4} are linearly independent, {fs, 74} are linearly independent.
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Thus in both cases (k = 1,2) we have produced a set of 4 — k linearly independent 1 X n matrices {t;} such that B; = [6]

By a similar argument we obtian a set of two or three linearly independent n x 1 matrices {#},#;} or {£,1;,#;} such that
B =1[0]¢]is a matrix in V.

Now since all B;’s and B;’s all belong to the commuting family V, one sees that tit; =0Vij.

Let A be the m X 4 matrix (m = 2 or 3) such that its ith row is #; Since the ¢;’s are independent we have rank(A) > m > 2.
On the other hand At;. = 0 for all j and the t}’s are linearly independent. Thus the null space of A has rank greater or equal
to the numnber of t}’s. Thus rank(A) > 2 and null(A) > 2. But since A is 3 X 3 we know that rank(A) + null(A) = 3. This
contradiction implies the set {A;, A, A3, A4} cannot be linearly independent.

1 00 000 000
Now we can achieve three independent such matrices because | 0 1 0 |,| 0 1 0 |and| O O O [aresuch atriple.
0 00 00 0 0 0 1

Exercise 3: Let T be a linear operator on an n-dimensional space, and suppose that 7" has # distinct characteristic values.
Prove that any linear operator which commutes with 7 is a polynomial in 7.

Solution: Since T has n distinct characteristic values, 7 is diagonalizable (exercise 6.2.7, page 190). Choose a basis B for
which T is represented by a diagonal matrix A. Suppose the linear transformation S commutes with 7. Let B be the matrix
of § in the basis 8. Then the ij-th entry of AB is a;b;; and the ij-th entry of BA is a;;b;;. Therefore if a;b;; = a;j;b;; and
a; # ajj, then it must be that b;; = 0. So we have shown that B must also be diagonal. So we have to show there exists a
polynomial such that f(a;;) = b; for alli = 1,...,n. By Section 4.3 there exists a polynomial with this property.

Exercise 4: Let A, B, C, and D be n X n complex matrices which commute. Let £ be the 2n X 2n matrix

A B
!
Prove that det £ = det(AD — BC).

Solution: By the corollary on paeg 203 we know A, B, C, and D are all triangulable. By Theorem 7 page 207 we know they
are simultaneously triangulable. Let P be the matrix that simultaneously triangulates them. Let

| 20

Then »
M—lz[PO P(L].

And , ,
M"EMz[é, ﬁ,],

where A’, B, C’, and D’ are upper triangular. Now det(E) = det(M~' EM). Suppose the result were true for upper triangular
matrices A, B, C, and D. Then det(E) = det(M'EM) = det(P~'AP- P"'DP - P"'BP- P"'CP) = det(P"'ADP - P"'BCP) =
det(P~'(AD — BC)P) = det(AD — BC).

Thus it suffices to prove the result for upper triangular matrices. So in what follows we drop the primes and assume A, B, C,
and D are upper triangular. We proceed by induction. Suppose first that n = 1. Then the theorem is clearly true. Suppose it is
true up ton — 1.
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If A, B, C, and D are upper triangular then it is clear that det(AD — BC) = [, (aud;; — biici;). So by induction we assume
det(E) = [1%,(aid;; — biici;) whenever E has dimension 2m for m < n (of couse always assuming A, B, C, and D commute).

Now we can write E in the following form for some A’, B’, C’ and D’:

[ ang A’ | b]] B’ ]
|
0 Anpn | 0 bnn
E=| - - - __ _ _ __
C11 c’ | di D’
|
0 Cun | 0 dnn

Expanding E by cofactors of the 1st column gives

ann A" | 0 b22 B” A | b11 B
| . an
' |
0 an | 0 b 0 am |0 Do
det(E) =ay | — — — T - - — — \+Yeu|_
Ccp (6 di b (&%) c” | 0 dp D"
| : . | '
0 em 10 o 0 em | 0 o

for some A”, B”, C” and D”.

The n + 1 column of each of these matrices has only one non-zero element. So we next expand by cofactors of the n + 1-th
column of each matrix, which gives

an A" | b22 B’ ann A" | b22 B”
| |
0 am |0 Do 0 am |0 Do
-D¥apdy | — — — — — |+ — — -
o2 C” | dzz D” C22 C” | d22 D”
| |
0 om0 Ao 0 em 10 o
ann A" | b22 B”
. | .
0 Ann | 0 bnn
=(andy —cubn)| — — — — . __ __
[6)) c” | dzz D"
|
0 em 10 o
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By induction this is equal to
(andii = cnbun) l_[(aiidii = bjicii) = l—l(aiidii = bjicii).
i=2 i=1

QED

Exercise 5: Let F be a field, n a positive integer, and let V be the space of n X n matrices over F. If A is a fixed n X n
matrix over F, let T4 be the linear operator on V defined by T4(B) = AB — BA. Consider the family of linear operators T4
obtained by letting A vary over all diagonal matrices. Prove that the operators in that family are simultaneously diagonalizable.
Solution: If we stack the cloumns of an 7 X n matrix on top of each other with column one at the top, the matrix of 74 in the

A

A
standard basis is then given by ) . Thus if A is diagonal then T4 is diagonalizable.

A

Now T4Tg(C) = ABC — ACB — BCA + CBA and TgT4(C) = BAC — BCA — ACB + CAB. Therefore we must show that
BAC + CAB = ABC + CBA. The i, j-th entry of BAC + CAB is c;j(a;ib; + a;;b;;). And this is exactly the same as the i, j-th
entry of ABC + CBA. Thus T4 and Tp commute. Thus by Theorem 8 the family can be simultaneously diagonalized.

Section 6.6: Direct-Sum Decompositions

Exercise 1: Let V be a finite-dimensional vector space and let W, be any subspace of V. Prove that there is a subspace W, of
V such that V = W, & W,.

Solution:
Exercise 2: Let V be a finite-dimensional vector space and let W, ..., W, be subspaces of V such that
V=W +---+W, and dim(V)=dim(W;)+ --- + dim(Wp).
Provethat V=W, &---& W,.
Solution:
Exercise 3: Find a projection E which projects R? onto the subspace spanned by (1, —1) along the subspace spanned by (1, 2).
Solution:
Exercise 4: If E| and E, are projections onto independent subspaces, then E| + E, is a projection. True or false?
Solution:
Exercise 5: If E is a projection and f is a polynomial, then f(E) = al + bE. What are a and b in terms of the coefficents of f?
Solution:
Exercise 6: True or false? If a diagonalizable operator has only the characteristic values 0 and 1, it is a projection.

Solution:
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Exercise 7: Prove that if E is the projection on R along N, then (I — E) is the projection on N along R.
Solution:
Exercise 8: Let £y, ..., E; be linear operators on the space V such that £y +--- + E = I.

(a) Prove that if E;E; = 0 for i # j, then Et2 = E; for each i.
(b) In the case k = 2, prove the converse of (a). Thatis, if E; + E, = I and E% =E, E% = E;, then E1E, = 0.

Solution:

Exercise 9: Let V be a real vector space and E an idempotent linear operator on V, i.e., a projection. Prove that (I + E) is
invertible. Find ( + E)~!.

Solution:

Exercise 10: Let F be a subfield of the complex numbers (or, a field of characteristic zero). Let V be a finite-dimensinal
vector space over F. Suppose that Ej, ..., Ey are projections of V and that E; + --- E; = I. Prove that E;E; = 0 fori # j
(Hint: use the trace function and ask yourself what the trace of a porjection is.)

Solution:

Project 11: Let V be a vector space, let W, ..., W; be subspace of V, and let
Vj: W1 +"'Wj_1 +Wj+1 +"-+Wk.
Suppose that V = W @ - - - & W,. Prove that the dual space V* has the direct-sum decomposition V* = V? D V,?.

Solution:



